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Abstract. We define a notion of a measured length space X having nonnegative iV-Ricci 
curvature, for N £ [1, oo), or having oo-Ricci curvature bounded below by K, for X G IR.. 
The definitions are in terms of the displacement convexity of certain functions on the 
associated Wasserstein metric space P2{X) of probability measures. We show that these 
properties are preserved under measured Gromov-Hausdorff limits. We give geometric 
and analytic consequences. 

This paper has dual goals. One goal is to extend results about optimal transport from the 
setting of smooth Riemannian manifolds to the setting of length spaces. A second goal is to 
use optimal transport to give a notion for a measured length space to have Ricci curvature 
bounded below. We refer to ^1] and [33] for background material on length spaces and 
optimal transport, respectively. Further bibliographic notes on optimal transport are in 
Appendix |Fl In the present introduction we motivate the questions that we address and 
we state the main results. 

To start on the geometric side, there are various reasons to try to extend notions of 
curvature from smooth Riemannian manifolds to more general spaces. A fairly general 
setting is that of length spaces, meaning metric spaces {X, d) in which the distance between 
two points equals the infimum of the lengths of curves joining the points. In the rest of 
this introduction we assume that X is a compact length space. Alexandrov gave a good 
notion of a length space having '^curvature hounded below by K", with K a real number, 
in terms of the geodesic triangles in X. In the case of a Riemannian manifold M with the 
induced length structure, one recovers the Riemannian notion of having sectional curvature 
bounded below by K. Length spaces with Alexandrov curvature bounded below by K 
behave nicely with respect to the Gromov-Hausdorff topology on compact metric spaces 
(modulo isometrics); they form a closed subset. 

In view of Alexandrov's work, it is natural to ask whether there are metric space versions 
of other types of Riemannian curvature, such as Ricci curvature. This question takes 
substance from Gromov's precompactness theorem for Riemannian manifolds with Ricci 
curvature bounded below by K, dimension bounded above by N and diameter bounded 
above by D [221 Theorem 5.3]. The precompactness indicates that there could be a notion 
of a length space having 'Ricci curvature bounded below by K" , special cases of which 
would be Gromov-Hausdorff limits of manifolds with lower Ricci curvature bounds. 
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Gromov-Hausdorff limits of manifolds with Ricci curvature bounded below have been 
studied by various authors, notably Cheeger and Colding [1^1 UHl 113 UH] • One feature of 
their work, along with the earlier work of Fukaya , is that it turns out to be useful to 
add an auxiliary Borel probability measure v and consider metric-measure spaces {X, d, v). 
(A compact Riemannian manifold M has a canonical measure u given by the normalized 
Riemannian density ^^^■) There is a measured Gromov-Hausdorff topology on such 

triples (X, v) (modulo isometrics) and one again has precompactness for Riemannian 
manifolds with Ricci curvature bounded below by dimension bounded above by N and 
diameter bounded above by D. Hence the question is whether there is a good notion of a 
measured length space (X, u) having "Ricci curvature hounded below by K ". Whatever 
definition one takes, one would like the set of such triples to be closed in the measured 
Gromov-Hausdorff topology. One would also like to derive some nontrivial consequences 
from the definition, and of course in the case of Riemannian manifolds one would like to 
recover classical notions. We refer to |Tni Appendix 2] for further discussion of the problem 
of giving a "synthetic" treatment of Ricci curvature. 

Our approach is in terms of a metric space (P(X), W2) that is canonically associated to 
the original metric space (X, d). Here P{X) is the space of Borel probability measures on 
X and W2 is the so-called Wasserstein distance of order 2. The square of the Wasserstein 
distance H^2(/^05/^i) between /xo,/^i £ Pi.^) is defined to be the infimal cost to transport 
the total mass from the measure /xq to the measure /xi, where the cost to transport a unit 
of mass between points xq, xi G X is taken to be d{xo,xiY. A transportation scheme 
with infimal cost is called an optimal transport. The topology on P{X) coming from the 
metric W2 turns out to be the weak-* topology. We will write P2{X) for the metric space 
(P(X), 1^2)5 which we call the Wasserstein space. If (X, d) is a length space then P2{,X) 
turns out to also be a length space. Its geodesies will be called Wasserstein geodesies. If 
M is a Riemannian manifold then we write P2'^{M) for the elements of P2{M) that are 
absolutely continuous with respect to the Riemannian density. 

In the past fifteen years, optimal transport of measures has been extensively studied in 
the case X = M", with motivation coming from the study of certain partial differential 
equations. A notion which has proved useful is that of displacement convexity, i.e. convex- 
ity along Wasserstein geodesies, which was introduced by McCann in order to show the 
existence and uniqueness of minimizers for certain relevant functions on P2'^{W^) ^Tj . 

In the past few years, some regularity results for optimal transport on R" have been 
extended to Riemannian manifolds [TniE21- This made it possible to study displacement 
convexity in a Riemannian setting. Otto and Villani [SB] carried out Hessian computations 
for certain functions on P2{M) using a formal infinite-dimensional Riemannian structure 
on P2{M) defined by Otto |35j. These formal computations indicated a relationship be- 
tween the Hessian of an "entropy" function on P2{M) and the Ricci curvature of M. Later, 
a rigorous displacement convexity result for a class of functions on P2'^{M), when M has 
nonnegative Ricci curvature, was proven by Cordero-Erausquin, McCann and Schmucken- 
schlager pj]. This work was extended by von Renesse and Sturm pUj . 
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Again in the case of Riemannian manifolds, a further circle of ideas relates displacement 
convexity to log Sobolev inequalities, Poincare inequalities, Talagrand inequalities and 
concentration of measure |H1 El 123 IHE] • 

In this paper we use optimal transport and displacement convexity in order to define a 
notion of a measured length space {X, d, v) having Ricci curvature bounded below. If is 
a finite parameter (playing the role of a dimension) then we will define a notion of (X, d, v) 
having nonnegative A^- Ricci curvature. We will also define a notion of {X, d, v) having 
cx)-Ricci curvature bounded below by e M. (The need to input the possibly-infinite 
parameter A^ can be seen from the Bishop-Gromov inequality for complete n-dimensional 
Riemannian manifolds with nonnegative Ricci curvature. It states that vo\{Br{m)) is 
nonincreasing in r, where Br{m) is the r-ball centered at m [231 Lemma 5. 3. bis]. When 
we go from manifolds to length spaces there is no a priori value for the parameter n. This 
indicates the need to specify a dimension parameter in the definition of Ricci curvature 
bounds.) 

We now give the main results of the paper, sometimes in a simplified form. For consis- 
tency, we assume in the body of the paper that the relevant length space X is compact. 
The necessary modifications to deal with complete pointed locally compact length spaces 
are given in Appendix |E1 

Let U : [0, oo) ^ M be a continuous convex function with U{0) = 0. Given a reference 
probability measure u G P{X), define the function Ui, : P2{X) —>■ M.U {oo} by 



(0.1) UM= / Uip{x))du{x) + U\oc)^is{X), 

Jx 

where 

(0.2) fi = pu + fis 

is the Lebesgue decomposition of p with respect to u into an absolutely continuous part 
pu and a singular part iig, and 

(0.3) f/'(oo) = lim ^^""^ 



If A^ G [1, oo) then we define VCn to be the set of such functions U so that the function 
(0.4) ij{X) = f/(A-^) 

is convex on (0, oo). We further define VCoo to be the set of such functions U so that the 
function 

(0.5) ^{X) = e^U{e'^) 

is convex on (— oo, oo). A relevant example of an element of is given by 

'A^r(l -r-i/^) ifl<A^<oo, 
r log r if A^ = oo. 



(0.6) U^{r) 
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Definition 0.7. Given N E [l,oo], we say that a compact measured length space {X, d, u) 
has nonnegative N-Ricci curvature if for all fio, fii G P2{^) with supp(/io) C supp(z/) and 
supp(;Ui) C supp(z/), there is some Wasserstein geodesic {/it}te[o,i] from jiQ to /ii so that 
for all U e VCn and all t G [0, 1], 

(0.8) U.ifit) < tU^ifii) + (l-t)f/,(^o). 

Given K E we say that {X, d, u) has oo-Ricci curvature hounded below by K if for 
all fii G P2{X) with supp(/io) C supp(i/) and supp(/ii) C supp(z/), there is some 
Wasserstein geodesic {fit}te[o,i] from /iq to jii so that for all U G VCoo and all t G [0, 1], 

(0.9) < tUM + il~t)UM - iA(f/)t(l-t)iy2(/^o,/ii)', 

where A : VCoo ^ M U {— C)o} is defined in ()5.14|) below. 

Note that the inequahties ()0.8|) and ()0.9p are only assumed to hold along some Wasser- 
stein geodesic from /xq to fii, and not necessarily along all such geodesies. This is what we 
call weak displacement convexity. 

Naturally, one wants to know that in the case of a Riemannian manifold, our definitions 
are equivalent to classical ones. Let M be a smooth compact connected n-dimensional 
manifold with Riemannian metric g. We let (M, g) denote the corresponding metric space. 
Given ^ G C°°(M) with Xi,^ e"* dvoU/ = 1, put du = e"* dvoU/. 

Definition 0.10. For N G [1, oo], let the N-Ricci tensor Kicn of {M,g, v) be defined by 

'Ric + Hess(^) if N = oo, 

Ric + Hess(^f) - (g) ifn < N < oo, 

Ric + Hess (\I^) - oo {d"^ (g) d"^) if N = n, 
—oo if N < n, 

where by convention oo ■ = 0. 

Theorem 0.12. (a) For N G [l,oo), the measured length space {M,g,v) has nonnegative 
N-Ricci curvature if and only z/RIcat > 0. 

(b) {M,g,v) has oo-Ricci curvature bounded below by K if and only z/RiCoo > Kg. 

In the special case when ^ is constant, and so u = Theorem 10.121 shows that 

we recover the usual notion of a Ricci curvature bound from our length space definition as 
soon as > n. 

The next theorem, which is the main result of the paper, says that our notion of A^-Ricci 
curvature has good behavior under measured Gromov-Hausdorff limits. 

Theorem 0.13. Let {{Xi, di, 1^^)}^-^ be a sequence of compact measured length spaces with 
\im.i^ao{Xi,di,Vi) = [X,d,i') in the measured Gromov-Hausdorff topology. 

(a) For any N G [1, oo), if each (Xj, di, Pi) has nonnegative N-Ricci curvature then (X, d, u) 
has nonnegative N-Ricci curvature. 

(b) If each (Xj, di,Vi) has oo-Ricci curvature bounded below by K then {X, d, v) has oo-Ricci 
curvature bounded below by K . 



(0.11) Ric 
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Theorems 10.121 and 10.131 imply that measured Gromov-Hausdorff hmits {X, d, v) of 
smooth manifolds ^M, ^^m)) ^i^^ lower Ricci curvature bounds fall under our consid- 
erations. Additionally, we obtain the following new characterization of such limits (X, d, v) 
which happen to be smooth, meaning that (X, d) is a smooth n-dimensional Riemannian 
manifold [B^gs) and dv = e~* dvol^ for some G C°°{B) : 

Corollary 0.14. (a) If {B, gB,i^) is a measured Gromov-Hausdorff limit of Riemannian 
manifolds with nonnegative Ricci curvature and dimension at most N then RicAr(i?) > 0. 
(b) If{B,gB, v) is a measured Gromov-Hausdorff limit of Riemannian manifolds with Ricci 
curvature hounded below by K eM. then RiCoo(-B) > K gs- 

There is a partial converse to Corollarv 10.141 fsee Corollarv 17. 45r ii. ii ' ) ) . 

Finally, if a measured length space has lower Ricci curvature bounds then there are 
analytic consequences, such as a log Sobolev inequality. To state it, we define the gradient 
norm of a Lipschitz function / on X by the formula 

\fiy)-fix)\ 



(0.15) |V/|(x) = limsup 



d{x,y) 



Theorem 0.16. Suppose that a compact measured length space (X, d, v) has oo-Ricci cur- 
vature bounded below by K ^M.. Suppose that f G Lip(X) satisfies j-^ dv = 1. 

(a) IfK>0 then 

(0.17) f f\og{f^)dv < I /" \Vf\Uv. 

(b) IfK<0 then 

(0.18) j /2 log(/2) du < 2 diam(X) \Vf\^du - diam(X)2. 

In the case of Riemannian manifolds, one recovers from ()0.17|1 the log Sobolev inequality 
of Bakry and Emery fo*^ . 

A consequence of ()0.17j) is a Poincare inequality. 

Corollary 0.19. Suppose that a compact measured length space (X, d, i/) has oo-Ricci 
curvature bounded below by K > 0. Then for all h G Lip(X) with j^hdv = 0, we have 

(0.20) / h^dv< — f \Vh\^dv. 

Jx K Jx 

In the case of Riemannian manifolds. Corollary 10.191 follows from the Lichnerowicz in- 
equality for the smallest positive eigenvalue of the Laplacian [28]. 

We now give the structure of the paper. More detailed descriptions appear at the 
beginnings of the sections. 

Section [H gives basic definitions about length spaces and optimal transport. Section |21 
shows that the Wasserstein space of a length space is also a length space, and that Wasser- 
stein geodesies arise from displacement interpolations. Section El defines weak displacement 
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convexity and its variations. This is used to prove functional inequalities called the HWI 
inequahties. 

SectionElproves, modulo the technical results of AppendicesElandEl that weak displace- 
ment convexity is preserved by measured Gromov-Hausdorff limits. The notion of A^-Ricci 
curvature is defined in Section which contains the proof of Theorem 10.131 along with 
a Bishop-Gromov-type inequality. Section IHl proves log Sobolev, Talagrand and Poincare 
inequalities for measured length spaces, such as Theorem 10.161 and Corollary 10.191 along 
with a weak Bonnet-Myers theorem. Section [7| looks at the case of smooth Riemannian 
manifolds and proves, in particular. Theorem 10 . 1 21 and CoroUarv 10.141 

There are six appendices that contain either technical results or auxiliary results. Ap- 
pendix IXJ which is a sequel to Section |2l discusses the geometry of the Wasserstein space 
of a Riemannian manifold M. It shows that if M has nonnegative sectional curvature then 
P2{M) has nonnegative Alexandrov curvature. The tangent cones at absolutely continuous 
measures are computed, thereby making rigorous the formal Riemannian metric on P2{M) 
introduced by Otto. 

Appendices |B] and O are the technical core of Theorem 10.131 Appendix El shows that 
U^{fi) is lower semi continuous in both n and u, and is nonincreasing under pushforward of 
/i and u. Appendix O shows that a measure fi e P2{X) with supp(/i) C supp(i/) can be 
weak-* approximated by measures {fik}'kLi with continuous densities (with respect to u) 
so that U^in) = limfc^oo ^^/(yUfc)• 
Appendix O contains formal computations of the Hessian of U^. Appendix lEl explains 
how to extend the results of the paper from the setting of compact measured length spaces 
to the setting of complete pointed locally compact measured length spaces. Appendix iFl 
has some bibliographic notes on optimal transport and displacement convexity. 

The results of this paper were presented at the workshop "Collapsing and metric ge- 
ometry" in Miinster, August 1-7, 2004. After the writing of the paper was essentially 
completed we learned of related work by Karl-Theodor Sturm [^T] Also, Ludger 

Riischendorf kindly pointed out to us that Theorem IB . 331 was already proven in [221 Chap- 
ter 1] by different means. We decided to retain our proof of Theorem IB . 331 rather than just 
quoting j2H|, partly because the method of proof may be of independent interest, partly 
for completeness and convenience to the reader, and partly because our method of proof 
is used in the extension of the theorem considered in Appendix lEl 

We thank MSRI and the UC-Berkeley mathematics department for their hospitality 
while part of this research was performed. We also thank the anonymous referees for their 
suggestions. 
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1. Notation and basic definitions 

In this section we first recall some facts about convex functions. We then define gradient 
norms, length spaces and measured Gromov-Hausdorff convergence. Finally, we define the 
2-Wasserstein metric W2 on P{X). 



1.1. Convex analysis. Let us recall a few results from convex analysis. See ^3 Chapter 
2.1] and references therein for further information. 

Given a convex lower semicontinuous function U : ]R^]RU{oo} (which we assume is 
not identically 00), its Legendre transform U* : M — M U {c>o} is defined by 

(1.1) U*{p) = sup [pr -U{r)]. 

rGK 

Then U* is also convex and lower semicontinuous. We will sometimes identify a convex 
lower semicontinuous function U defined on a closed interval / C M with the convex 
function defined on the whole of R by extending [/ by 00 outside of /. 

Let U : [0, 00) ^ R be a convex lower semicontinuous function. Then U admits a 
left derivative U'^ : (0, 00) M and a right derivative U'^ : [0, 00) — >■ {—00} U R, with 
C/^(0,oo) c R. Furthermore, U'_ < U'_^. They agree almost everywhere and are both 
nondecreasing. We will write 

1.2) f/'(oo) = lim [/;(r) = lim G R U {00}. 



+00 



If we extend t/ by 00 on (—00, 0) then its Legendre transform U* : R ^ RU {00} becomes 
U*{p) = sup^>Q [pr — f/(r)]. It is nondecreasing in p, infinite on (f/'(oo), cxd) and equals 
— [/(O) on (—00, [/^(O)]. Furthermore, it is continuous on {—00, f/'(oo)). For all r G [0, 00), 
we have U*{U\_{r)) = r f/;(r) - U{r). 

1.2. Geometry of metric spaces. 

1.2.1. Gradient norms. Let {X,d) be a compact metric space (with d valued in [0, 00)). 
The open ball of radius r around a; G X will be denoted by Br{x) and the sphere of radius 
r around x will be denoted by Sr{x). 

Let L°°{X) denote the set of bounded measurable functions on X. (We will consider 
such a function to be defined everywhere.) Let Lip(X) denote the set of Lipschitz functions 
on X. Given / G Lip(X), we define the gradient norm of / by 

(1.3) |V/|(x) = hmsup r 

y^x d{x,y) 

if X is not an isolated point, and |V/|(x) = if x is isolated. Then |V/| G L°°{X). 
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On some occasions we will use a finer notion of gradient norm: 
^1.4) |V j\{x) = limsup — = limsup 



d{x,y) d{x,y) 

if X is not isolated, and |V~/|(a;) = if x is isolated. Here a+ = max(a, 0) and 
a_ = max(— a,0). Clearly f\{x) < |V/|(a;). Note that |V~/|(x) is automatically 
zero if / has a local minimum at x. In a sense, |V~/|(x) measures the downward pointing 
component of / near x. 

1.2.2. Length spaces. If 7 is a curve in X, i.e. a continuous map 7 : [0, 1] —>■ X, then its 
length is 

J 

(1.5) L(7) = sup sup y'c?(7(^i-i)>7(^i))- 

JeN o=to<ti<...<tj=i~^ 

From the triangle inequality, 1^(7) > (i(7(0), 7(1)). 

We will assume that X is a length space, meaning that the distance between two points 
xo,xi G X is the infimum of the lengths of curves from xq to Xi. Such a space is path 
connected. 

As X is compact, it is a strictly intrinsic length space, meaning that we can replace 
infimum by minimum fl^ Theorem 2.5.23]. That is, for any Xo, Xi G X, there is a minimal 
geodesic (possibly nonunique) from xq to xi. We may sometimes write "geodesic" instead 
of "minimal geodesic" . 

By [TTl Proposition 2.5.9], any minimal geodesic 7 joining xq to xi can be parametrized 
uniquely by t G [0, 1] so that 

(1.6) d(7(t),7(t')) = \t-t'\d{x^,xi). 

We will often assume that the geodesic has been so parametrized. 

By definition, a subset A C X is convex if for any Xo,Xi G A there is a minimizing 
geodesic from xq to Xi that lies entirely in A. It is totally convex if for any Xq, Xi G A, any 
minimizing geodesic in X from xq to Xi lies in A. 

Given A G M, a function F : X ^ M U {00} is said to be X-convex if for any geodesic 
7 : [0, 1] ^ X and any t G [0, 1], we have 

(1.7) F(7(t)) < tF(7(l)) + (1 - t)F(7(0)) - ^ A t(l - t) ^(7)^ 

In the case when X is a smooth Riemannian manifold with Riemannian metric g, and 
F G C^(X), this is the same as saying that Hess F > Xg. 

1.2.3. (Measured) Gromov-Hausdorff convergence. 

Definition 1.8. Given two compact metric spaces {Xi,di) and {X2,d2), an e-Gromov- 
H aus dor ff approximation from Xi to X2 is a (not necessarily continuous) map / : Xi ^ X2 
so that 

(i) For all xi,x[ e Xi, \d2{f{xi),f{x[)) - di{xi,x[)\ < e. 

(a) For all X2 G X2, there is an Xi G Xi so that (i2(/(xi), X2) < e. 
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An e-Gromov-Hausdorff approximation f : Xi ^ X2 has an approximate inverse 
/' : X2 — > Xi, which can be constructed as follows: Given X2 G -^2? choose Xi G Xi 
so that (i2(/(a:i), X2) < e and put f'{x2) = Xi. Then /' is a 3e-Gromov-Hausdorff 
approximation from X2 to Xi. Moreover, for all Xi G Xi, (/' o /)(xi)) < 2e, and 

for all X2 G X2, d2{x2, (/ o f){x2)) < e. 

Definition 1.9. A sequence of compact metric spaces {Xi}°l^ converges to X in the 
Gromov-Hausdorff topology if there is a sequence of ei- approximations fi : Xi ^ X 
with limj_>oo ej = 0. 

This notion of convergence comes from a metrizable topology on the space of all compact 
metric spaces modulo isometrics. If {Xj}^^ are length spaces that converge to X in the 
Gromov-Hausdorff topology then X is also a length space |1H Theorem 7.5.1]. 

For the purposes of this paper, we can and will assume that the maps / and /' in Gromov- 
Hausdorff approximations are Borel. Let -P(X) denote the space of Borel probability 
measures on X. We give -P(X) the weak-* topology, i.e. limj^oo/^i = if and only if for 
all F G C (X) , limj^oo fx ^ ^l^i = fx^ ^f^- 

Definition 1.10. Given v G P{X\ consider the metric-measure space [X^d^v). A se- 
quence {{Xi, di, z^i)}^! converges to (X, d, z/) in the measured Gromov-Hausdorff topology 
if there are ei- approximations fi : Xi ^ X , with limj_^oo Q = 0, so that limj^oo(/i)*z^j = ^ 
m P{X). 

Other topologies on the class of metric-measure spaces are discussed in Chapter 3|]. 
For later use we note the following generalization of the Arzela-Ascoli theorem. 

Lemma 1.11. (cf. [221 P- 66], j21l Appendix A]j Let {Xj}^]^ he a sequence of compact 
metric spaces converging to X in the Gromov-Hausdorff topology, with ei- approximations 
fi : Xj — i> X. Let {Yi}"^^ he a sequence of compact metric spaces converging to Y in 
the Gromov-Hausdorff topology, with ei- approximations Qi : Yi ^ Y . For each i, let 
// : X — s> Xj he an approximate inverse to fi, as in the paragraph following Definition M.tA 
Let {oj}^! he a sequence of maps ai : Xi ^ Yi that are asymptotically equicontinuous in 
the sense that for every e > 0, there are S = S{e) > and N = N{e) G Z+ so that for all 
i > N, 

(1.12) (ix,(xi,x-) < 5 =^ (iy^(ai(xi),ai(x-)) < e. 

Then after passing to a suhsequence, the maps QiO aiO f. : X — > y converge uniformly to 
a continuous map a : X Y . 

In the conclusion of Lemma 11.111 the maps o ai o f. may not be continuous, but the 
notion of uniform convergence makes sense nevertheless. 

1.3. Optimal transport: basic definitions. Given /io,/ii G -P(X), we say that a prob- 
ability measure tt G P(X x X) is a transference plan between /iq and fii if 



(1.13) 



(po)*vr = fio, (pi)*vr = /ii. 
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where po,Pi ■ X x X ^ X are projections onto the first and second factors, respectively. 
In words, tc represents a way to transport the mass from fiQ to /ii, and 7r(a;o,a;i) is the 
amount of mass which is taken from a point Xq and brought to a point Xi. 

We will use optimal transport with quadratic cost function (square of the distance). 
Namely, given /io,/^i € P{X), we consider the variational problem 

(1.14) W2{fio,fiiY = inf / d{xo,xi)'^ d7i{xo,xi), 

JxxX 

where vr ranges over the set of all transference plans between /ig and fii. Any minimizer tt 
for this variational problem is called an optimal transference plan. 

In fll.l4|) . one can replace the infimum by the minimum |^ Proposition 2.1], i.e. there 
always exists (at least) one optimal transference plan. Since X has finite diameter, the 
infimum is obviously finite. The quantity W2 will be called the Wasserstein distance of 
order 2 between yUo and /xi; it defines a metric on P{X). The topology that it induces on 
P{X) is the weak-* topology |^ Theorems 7.3 and 7.12]. When equipped with the metric 
W2, P{X) is a compact metric space, which we will often denote by P2{X). 

We remark that there is an isometric embedding X — > P2{X) given by x — > 6^. This 
shows that diam(P2(-'^)) > diam(X). Since the reverse inequality follows from the defini- 
tion of W2, actually diam(P2(^)) = diam(X). 

A Monge transport is a transference plan coming from a map F : X ^ X with -F*/io = f^i, 
given by TT = (Id,F)*/io. In general an optimal transference plan does not have to be 
a Monge transport, although this may be true under some assumptions (as we will recall 
below) . 

A function (p : X ^ [—00,00) is ^-concave if it is not identically —00 and it can be 
written in the form 

(1.15) m = ^^(^ _ ^(^')^ 

for some function : X — [—00,00). Such functions play an important role in the 
description of optimal transport on Riemannian manifolds. 

2. Geometry of the Wasserstein space 

In this section, we investigate some features of the Wasserstein space P2{X) associated 
to a compact length space {X,d). (Recall that the subscript 2 in P2{X) means that 
P{X) is equipped with the 2- Wasserstein metric.) We show that P2{X) is a length space. 
We define displacement interpolations and show that every Wasserstein geodesic comes 
from a displacement interpolation. We then recall some facts about optimal transport on 
Riemannian manifolds. 

2.1. Displacement interpolations. We denote by Lip([0,l],X) the space of Lipschitz 
continuous maps c : [0, 1] ^ X with the uniform topology. For any k > 0, 

(2.1) Lipfc([0,l],X) = |c G Lip([0,l],X) : d{c{t) , c{t')) < A;|t - t'| for alH, t' G [0, 1] | 
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is a compact subset of Lip([0, 1], -^). 

Let r denote the set of minimizing geodesies on X. It is a closed subspace of Lip^jj^^j^^j^-) ([0, 1] 
defined by the equation L(c) = (i(c(0), c(l)). 

For any t G [0, 1], the evaluation map et : T ^ X defined by 

(2.2) e,(7) = lit) 

is continuous. Let E : F — > X x X be the "endpoints" map given by -^(7) = (60(7), 61(7)). 
A dynamical transference plan consists of a transference plan vr and a Borel measure 11 on 
F such that E^U = vr; it is said to be optimal if vr itself is. In words, the transference 
plan 71 tells us how much mass goes from a point xq to another point Xi, but does not tell 
us about the actual path that the mass has to follow. Intuitively, mass should flow along 
geodesies, but there may be several possible choices of geodesies between two given points 
and the transport may be divided among these geodesies; this is the information provided 

by n. 

If n is an optimal dynamical transference plan then for t G [0, 1], we put 

(2.3) fit = (eO*n. 

The one-parameter family of measures {/it}te[o,i] is called a displacement interpolation. In 
words, fit is what has become of the mass of /iq after it has travelled from time to time t 
according to the dynamical transference plan 11. 

Lemma 2.4. The map c : [0, 1] — > P2{X) given by c{t) = fit has length L{c) = W2{fio, fJ^i) ■ 

Proof. Given < t < t' < 1, {et,et')^Il is a particular transference plan from fit to fit', 
and so 

(2.5) W2{fit,^^t'y < [ d{xo,x,fd{{et,et>),U){xo,xi)= [ d{i{t),i{t')y dU{i) 

Jxxx Jr 

= jj^t'-tfLiif rfn(7) = {t'-tf ^rf(7(0),7(l))'rfn(7) 

= {t'-tf [ d{xo,x,Y {dE,U){xo,x,) = {f -tYW2{fio,f^if. 

JxxX 

Equation ()2.5p implies that L(c) < M/2(/^0) yUi)) and so L(c) = W2{fio, fJ'i)- D 
2.2. The Wasserstein space as a length space. 

Proposition 2.6. Let {X,d) be a compact length space. Then any two points fio, fii G 
P2{X) can be joined by a displacement interpolation. 

Proof. The endpoints map E is Borel and surjective. Given {xo,Xi) E X x X, E^^{xo,Xi) 
is compact. It follows that there is a Borel map 5* : X x X ^ F so that EoS = Idxxx |^ 
Corollary A. 6]. In words, is a measurable way to join points by minimizing geodesies. 
Given fio, fii G P2{X), let vr be an optimal transference plan between fiQ and fii, and put 
n = S'*(7r). The corresponding displacement interpolation joins /iq and fii. □ 

Corollary 2.7. If X is a compact length space then P2{X) is a compact length space. 
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Proof. We already know that P2iX) is compact. Given /io;/^i ^ P2iX), Proposition 
gives a displacement interpolation c from /io to fii. By Lemma L(c) = W^2(/^0) /^i)) so 
P2{X) is also a length space. □ 

Remark 2.8. The same argument shows that {P{X), Wp) is a compact length space for all 
p G [1, oo), where Wp is the Wasserstein distance of order p [HI Section 7.1.1]. 

Example 2.9. Suppose that X = A U B U C , where A, B and C are subsets of the 
plane given hj A = {(xi,0) : — 2 < Xi < —1}, B = {(xi,X2) : + = 1} and 
C = {(xi,0) : 1 < Xi < 2}. Let /iq be the one-dimensional Hausdorff measure of A 
and let /ii be the one-dimensional Hausdorff measure of C. Then there is an uncountable 
number of Wasserstein geodesies from /iq to /ii, given by the whims of a switchman at the 
point (—1, 0). 

2.3. Wasserstein geodesies as displacement interpolations. The next result states 
that every Wasserstein geodesic arises from a displacement interpolation. 

Proposition 2.10. Let {X,d) be a compact length space and let {fit}t£[Q,i] be a geodesic 
path in P2{X). Then there exists some optimal dynamical transference plan U such that 
{/it}fg[o,i] is the displacement interpolation associated to U. 

Proof. Let {fit}t€[o,i] be a Wasserstein geodesic. Up to reparametrization, we can assume 
that for all t,t' G [6,1], 

(2.11) W2{fit, /it') = \t- t'\ W2{fl0, /ii). 
Let 

'^xo,xi/2 be an optimal transference plan from Hq to /ii/2, and let TT^^^^f^xi be an optimal 
transference plan from /xi/2 to /xi. Consider the measure obtained by "gluing together" 

^ (0) ^ (1/2) 

(2.12) = ""'"^''^ "^/""^ 

c?/ii/2(a;i/2) 

on X X X X X. 

The precise meaning of this expression is just as in the "gluing lemma" stated in 
Lemma 7.6]: Decompose n^^^ with respect to the projection pi : X x X — > X on the 
second factor as 7r*^°) = o"i°/2 ;Ui/2 (2:1/2), where for /ii/2-almost all Xi/2, cri°/2 G P{pi^{xi/2)) 
is a probability measure on Pi'^{xi/2). Decompose vr*^^/^) with respect to the projection 
Pq : X X X —s> X on the first factor as tt^^^'^^ = cj^}lf^ /W1/2 (2^1/2)) where for /ii/2-almost all 

3^1/2, ^ii^? G P{pt{x^l2))- Then, for F G C(X x X x X), 
(2.13) 

FrfMW = / / F(xo,xi/2,xi)c/ai';) (xo)c/ai;/^Hxi)rf/ii/2(xi/2). 

The formula 

(2.14) dTT.,,., = I Mill^^^^,^ 



14 JOHN LOTT AND CEDRIC VILLANI 

defines a transference plan from /xq to /xi witli cost 
(2.15) 



L 



J (0) . (1/2) 

d{xo,xi) d-K^g^^^ < / {d{xo,Xi/2) + d{xi/2,xi)) 



XxX JXxXxX (J'^J'l/2[Xl/2) 

< / 2{d{xo,Xi/2f + (i(xi/2,2;i^^^ 



XxXxX dfli/2{xi/2) 

d{xo,xi/2)^ d-K^^l + / d{xi/2,xiy d7T^J-/l]^^ 

JxxX 

2(iy2(/iO,/Xi)' + W^2(/ii,/^l)') = W^2(/^0,/il)'. 



Thus TT is an optimal transference plan and we must have equality everywhere in (|2.15|) . 
Let 

(2.16) S^^^ = |(xo,Xi/2,Xi) e X X X X X : d{xo,Xi/2) = d{xi/2,Xi) = ^rf(xo,Xi)|; 

then M^-^^ is supported on B^^\ For t G {0, |, 1}, define Cj : -B*^-*^) — X by et{xo,Xi/2,Xi) = 
xt. Then (eO* M« = /x^. 

We can repeat the same procedure using a decomposition of the interval [0, 1] into 2* 
subintervals. For any i > 1, define 

(2.17) E« = |(xo,X2~Ma;2.2-,...,a;i_2-M2;i) GX^^+i : 

d{Xo,X2~^) = d{x2-i , X2.2-^) = ... = d{Xi_2-^,Xl) = 2^' d{xo,Xi)} . 

For < j < 2* — 1, choose an optimal transference plan vri^ 2-i.^(j+i).2-i from /ij.2-i to 
/i(j+i).2-i. Then as before, we obtain a probability measure M*^*) on 5*^*^ by 

f2 18) M(^) = '^^^°H^O'^2-0 c;7r(^"')(x2-»,a;2.2-0 ■■■ c;7r(^-^"')(xi_2-., xi) 

dfX2-^{x2-^) . . . dfXi_2-^{Xi_2-^) 

The formula 

(2.19) rfTT^o,-, = / . M» 



defines a transference plan from /io to /ii. For t = j -2 < j < 2*, define : S*^*-* ^ X 
by ei(xo, . . . ,xi) = Xj; then (e^)* ikfW = /i^. 

Let S* be as in the proof of Proposition 12.61 Given (xq, . . . ,Xi) G B^'''\ define a map 

Pxo,...,xi '■ [0,1] ^ X as the concatenation of the paths S'(xo, X2-i), 5'(x2-i, X2. 2-0) •• -5 
S'(xi„2-M xi). As Pxo,...,xi is a normalized continuous curve from xq to xi of length d{xo, xi), 
it is a geodesic. For each i, the linear functional on C(r) given by 

(2.20) / F(p.„,...,.J rfM«...,., 
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defines a probability measure i?*-*-* on the compact space T. Let R^°°^ be the limit of a 
weak-* convergent subsequence of }._^. It is also a probability measure on T. 

For any t G ^ H [0, 1] and / G C{X), we have Jj^{et)* f dR^^^ = j^fd^t for large i. Then 
j j^{et)* f dR^°°^ = fdfit for all / G C{X), or equivalently, (et)*i?(°°) = /i^. But as in the 
proof of Lemma EH {et)*R^°°'' is weak-* continuous in t. It follows that (et)* R^°°^ = fit 
for alH G [0, 1]. □ 

2.4. Optimal transport on Riemannian manifolds. In the rest of this section we 
discuss the case when X is a smooth compact connected Riemannian manifold M with 
Riemannian metric g. (The results are also valid if g is only C^-smooth). 

Given /xq, /^i ^ P2{M) which are absolutely continuous with respect to dvolM, it is known 
that there is a unique Wasserstein geodesic c joining /ig to fii [221 Theorem 9]. Furthermore, 
for each t G [0, 1], c{t) is absolutely continuous with respect to dvol^ P^i Proposition 5.4]. 
Thus it makes sense to talk about the length space P2^{M) of Borel probability measures 
on M that are absolutely continuous with respect to the Riemannian density, equipped 
with the metric W2- It is a dense totally convex subset of P2{M). Note that if M is other 
than a point then P^'^(M) is an incomplete metric space and is neither open nor closed in 
P2{M). 

An optimal transference plan in P^'^(M) turns out to be a Monge transport; that is, 
c(t) = (F()^,/io for a family of Monge transports {Ft}teio,i] of M. For each m G M, 
{Ft{m)}te[o.i] is a minimizing geodesic. Furthermore, there is a ^'Concave function on 
M so that for almost all m G M, Ft{m) = exp„(— t V4>{m)) ^3 Theorem 3.2 and 
Corollary 5.2]. This function 0, just as any ^-concave function on a compact Riemannian 
manifold, is Lipschitz Lemma 2] and has a Hessian almost everywhere fHl Proposition 
3.14]. If we only want the Wasserstein geodesic to be defined for an interval [0,r~^] then 
we can use the same formula with being ^-concave. 

3. FUNCTIONALS ON THE WASSERSTEIN SPACE 

This section is devoted to the study of certain functions on the Wasserstein space P2{X). 
We first define the functional U,y on P2{X). We then define A-displacement convexity of 
the functional, along with its variations : (weak) A-(a.c.) displacement convexity. We 
give relations among these various notions of displacement convexity. We define the H- 
functionals Hjsf i,. Finally, under certain displacement convexity assumptions, we prove 
HWI functional inequalities. 

The notion of A-displacement convexity is more conventional than that of weak A- 
displacement convexity. However, the "weak" notion turns out to be more useful when 
considering measured Gromov-Hausdorff limits. We will see that the "weak" hypothesis 
is sufficient for proving functional inequalities. 

3.1. Weak displacement convexity. All of our results will involve a distinguished ref- 
erence measure, which is not a priori canonically given. So by "measured length space" 
we will mean a triple (X, rf, i/), where {X,d) is a compact length space and z/ is a Borel 
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probability measure on X. These assumptions automatically imply that z/ is a regular 
measure. 
We write 

(3.1) P2{X,u) = {/iGPsW : supp(/i) C supp(z/)}. 

We denote by P^'^(X, z/) the elements of P2{X,i') that are absolutely continuous with 
respect to u. 

Definition 3.2. Let U be a continuous convex function on [0, oo) with U{0) = 0. Given 
/X, z/ G P2{X), we define the functional : P2{,X) — M U {oo} by 

(3.3) UM= I U{p{x))du{x) + f/'(oo)/i,(X), 

Jx 

where 

(3.4) ^ = pu + fig 

is the Lebesgue decomposition of fi with respect to v into an absolutely continuous part pu 
and a singular part p^ ■ 

Remark 3.5. If U'{oo) = oo, then finiteness of Ui,{fi) implies that /i is absolutely continuous 
with respect to u. This is not true if [/'(oo) < oo. 

Lemma 3.6. f/^(/i) > U^{u) = f/(l). 

Remark 3.7. The lemma says that as a function of /i, U,y is minimized at u. If p is absolutely 
continuous with respect to u then the lemma is just Jensen's inequality in the form 



(3.8) J U{p{x))diy{x) >U p{x)di^{x] 

The general case could be proven using this particular case together with an approximation 
argument such as Theorem 1(1121 However, we give a direct proof below. 

Proof of Lemma \3. 61 As U is convex, for any a G (0, 1) we have 

(3.9) U{ar + 1 - a) < aU{r) + (1 - a) [/(I), 
or 

(3.10) U{r) - f/(l) > - \U{ar + 1 - a) - U{1)]. 

a 

Then 

(3.11) / U{p) du - U{1) > ! ^(^P + 1 - c.) - ^(1) _ 
Jx Jx ap - a 

where we take the integrand of the right- hand- side to vanish at points x G X where 
p(x) = 1. We break up the right-hand-side of p.llj) according to whether p(x) < 1 or 
p{x) > 1. From monotone convergence, for p < 1 we have 

(3.12) hm / + 1 - ^) - ^(1) _ ^^^ ^^^^ ^ /■ _ l)l,<idu, 
"^o+ix ap - a - Jx 
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while for p > 1 we have 

(3.13) hm / ^(^P + 1 - ^) - ^(1) _ ^ ^ / (p - 1) l,^,du. 

Then 
(3.14) 

f/(p)rfz/ - U{1) > U'M) [ {p - l)du + (f/;(l) - U'_{1)) / (p - 1) lp>irfz/ 
X Jx Jx 

> U'_il) I {p - l)dv > U'{oo) [ {p - l)du = -U\oo) ps{X). 
Jx Jx 

As Uy{v) = U{1), the lemma follows. □ 

Definition 3.15. Given a compact measured length space (X, z/) and a number A G M, 
we say that Uy is 

• A-displacement convex if for all Wasserstein geodesies {pt}telo,i] ^i^h po, pi G 
P2{X, u), we have 

(3.16) UM < tU^ipi) + {l-t)UM - ^\til-t)W2{po,PiY 

for allte [0,1]; 

• weakly A-displacement convex if for all pq, pi G P2{X, v), there is some Wasserstein 
geodesic from po to pi along which fl3.16|) is satisfied; 

• (weakly) A-a.c. displacement convex if the condition is satisfied when we just as- 
sume that Po, pi G P2^{X, v). 

Remark 3.17. In Definition 13.151 we assume that supp(po) C supp(i/) and supp(pi) C 
supp(z/), but we do not assume that supp(pt) C supp(z/) for t G (0, 1). 

Remark 3.18. If Up is A-displacement convex and supp(z/) = X then the function t —>■ 
Uu{pt) is A-convex on [0, 1], i.e. for all < s < s' < 1 and t G [0, 1], 

(3.19) Up{pts'+(i-t)s) < tU,{ps') + (l-t)f/.(p.) - ^\t{l-t){s' -sfW2{po,Pi)^. 
This is not a priori the case if we only assume that Uu is weakly A-displacement convex. 

We may sometimes write "displacement convex" instead of 0- displacement convex. In 
short, weakly means that we require a condition to hold only for some geodesic between two 
measures, as opposed to all geodesies, and a.c. means that we only require the condition 
to hold when the two measures are absolutely continuous. 

There are obvious implications 

A-displacement convex =^ weakly A-displacement convex 

(3.20) ^ ^ 

A-a.c. displacement convex =^ weakly A-a.c. displacement convex. 

The next proposition reverses the right vertical implication in ()3.20|) . 
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Proposition 3.21. Let U be a continuous convex function on [0, oo) with U{0) = 0. Let 
{X, d, v) he a compact measured length space. Then 11^ is weakly X- displacement convex if 
and only if it is weakly X-a.c. displacement convex. 

Proof. We must show that if f/j^ is weakly A-a.c. displacement convex then it is weakly 
A-displacement convex. That is, for /io,/^i G P2{X,i'), we must show that there is some 
Wasserstein geodesic {fit}t&[Q,i] from fiQ to /ii along which 

(3.22) U.if^t) < t U^ifio) + (l-t) U.ifii) - i A t (1 - t) W2{fxo, f^if- 

We may assume that U^ifJ^o) < oo and U^ifJ^i) < oo, as otherwise ()3.22|1 is trivially true 
for any Wasserstein geodesic from /xq to /ii. From Theorem l( ^ . 1 21 in Appendix El there are 
sequences {/ifc,o}fcLi {/^fe.ilfcli P2^{^j^) (iii f^-ct with continuous densities) so that 
limfc^ooAtfc,o = /io, limfc_oo/ifc,i = jJ^i, \im.k^ooU„{nk,o) = ^7i.(/io) and limfc^oo ^i.(Atfc,i) = 
Uyi^nij. Let Cfc : [0, 1] P2{,X) be a minimal geodesic from iik,o to iik,i such that for all 
tG [0,1], 

(3.23) U,{ck{t)) < tU,{fik,i) + il-t)U,{fik,o) - ^At(l-t)H^2(/Ufe,o,;Ufc,i)2. 

After taking a subsequence, we may assume that the geodesies {cfc}^^ converge uniformly 
(i.e. in C([0, 1],P2{X))) to a geodesic c : [0, 1] ^ P2{X) from fiQ t o /ii PH Theorem 2.5.14 
and Proposition 2.5.17]. The lower semicontinuity of U^, Theorem 16.33^ 1) in Appendix iBl 
implies that f/^(c(t)) < liminffc^oo f^!^(cfc(t)). The proposition follows. □ 

In fact, the proof of Proposition 13.211 gives the following slightly stronger result. 

Lemma 3.24. Let U be a continuous convex function on [0,oo) with U{0) = 0. Let 
{X,d,h') be a compact measured length space. Suppose that for all fiQ, fii G P^'^(X, i^) with 
continuous densities, there is some Wasserstein geodesic from fiQ to along which ()3.16|) 
is satisfied. Then U^, is weakly X- displacement convex. 

The next lemma gives sufficient conditions for the horizontal implications in (j3.2(Jj) to 
be reversed. We recall the definition of total convexity from Section 11.2.21 

Lemma 3.25. (i) Suppose that X has the property that for each minimizing geodesic 
c : [0, 1] — ^ P2{X), there is some 6c > so that the minimizing geodesic between c{t) 
and c(t') is unique whenever \t — t'\ < 6c. Suppose that supp(i/) = X. If Uu is weakly 
X- displacement convex then it is X- displacement convex. 

(ii) Suppose that P2'^{X, u) is totally convex in P2{X). Suppose that X has the property 
that for each minimizing geodesic c : [0, 1] P^'^(X, u), there is some 6c > so that the 
minimizing geodesic between c{t) and c{t') is unique whenever \t — t'\ < 6c. Suppose that 
supp(z/) = X. IfUy is weakly X-a.c. displacement convex then it is X-a.c. displacement 
convex. 

Proof. For part (i), suppose that Uu is weakly A-displacement convex. Let c : [0, 1] — P2{X) 
be a minimizing geodesic. We want to show the A-convexity of along c. By assumption, 
for all < s < s' < 1 there is some geodesic from c(s) to c(s') so that ()3.19|) is satisfied 
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for all if: G [0,1]. If \s — s'\ < 5c then this geodesic must be c|j_^_,,j. It follows that the 

function s —>■ U^{c{s)) is A-convex on each interval [s, s'] with \s — s'\ < 6c, and hence on 
[0, 1]. This proves part (i). 

The same argument works for (ii) provided that we restrict to absolutely continuous 
measures. □ 

3.2. Important examples. The following functionals will play an important role. 

Definition 3.26. Put 

Vr(l-r-i/^) zfl<N<oo, 
r logr if N = oo. 



(3.27) UN{r) 



Definition 3.28. Let H^i, : P2{X) — > [0, oo] he the functional associated to Un, via 
Definition \S. 'A More explicitly: 
- For N e (l,oo), 

(3.29) Hn^^ = N-N [ p^-^ du, 



JX 

where pv is the absolutely continuous part in the Lebesgue decomposition of /i with respect 
to V. 

- For N = oo, the functional H^o^u is defined as follows: if fi is absolutely continuous 
with respect to v, with fi = pu, then 

(3.30) HooAl^) = / P^ogpdu, 

Jx 

while if fi is not absolutely continuous with respect to v then Hoo^uif^) = oo. 

To verify that Hn,ij is indeed the functional associated to Un, we note that f/^(oo) = 
and write 

(3.31) N J p(l - p^77^ du +Nfis{X) =N j p[l - p-^^^ dv + 

Nil - / pdu 



X 



N - N [ p^^-^ du. 
Jx 



Of course, the difference of treatment of the singular part of u according to whether N is 
finite or not reflects the fact that Un grows at most linearly when N < oo, but superlinearly 
when N = oo. Theorem IB. 331 in Appendix iBl ensures that is lower semicontinuous on 

Remark 3.32. Formally extending ()3.27p to the case = 1 would give Ui{r) = r — 1, which 
does not satisfy the condition U{0) = 0. This could be ameliorated by instead considering 
the function U{r) = r. However, the corresponding entropy functional Ui, is identically 
one, which is not of much use. We will deal with the case A^ = 1 separately. 
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Remark 3.33. The quantity Hao,u{fJ') is variously called the Boltzmann if-functional, the 
negative entropy or the relative Kullback information of fi with respect to u. As a function 
of /i, HN^^{fi) attains a minimum when /i = z/, which can be considered to be the measure 
with the least information content with respect to u. In some sense, H]sf u{fi) is a way of 
measuring the nonuniformity of /i with respect to u. 

3.3. HWI inequalities. 

Definition 3.34. Let {X, d, v) he a compact measured length space. Let U he a continuous 
convex function on [0,oo), with f/(0) = 0, which is C'^-regular on (0, oo). Given fi G 
P2^(X, u) with P = ^ 0, positive Lipschitz function on X , define the "generalized Fisher 
information" lu hy 

(3.35) Iu{p)= I U"{pf\W-p\''d^Ji= [ pU"{pf\V-p\^du. 

Jx Jx 

(See Remark [3.561 about the terminology.) 

The following estimates generalize the ones that underlie the HWI inequalities in j36j . 

Proposition 3.36. Let (X, d, v) he a compact measured length space. Let U he a contin- 
uous convex function on [0, oo) with f/(0) = 0. Given p G P-i^X.i'), let {pt\t&[{),i\ he a 
Wasserstein geodesic from po = p to pi = u. Given A G M, suppose that / t,V. i6|) is satisfied. 
Then 

(3.37) ^W2{p,vf < UM - UM- 

Now suppose in addition that U is C"^ -regular on (0, oo) and that p G P2'^{X, u) is 
such that p = ^ is a positive Lipschitz function on X. Suppose that Uy{p) < oo and 
fit G P^^{X, v) for all t G [0, 1]. Then 

(3.38) UM - UM <W2{p, iy),/lu{p)-^W2{p, uf. 

Proof. Consider the function (j){t) = Uu{pt)- Then 0(0) = U^ip) and 0(1) = U,j{u). By 
assumption, 

(3.39) 0(t) < t 0(1) + (1 - t) 0(0) - i A t (1 - t) W2{p, vf. 

If0(O)-0(l) < iATy2(/^,^^)'thenas0(t)-0(l) < (1-t) (0(0) - 0(1) - \ \tW2{p.vf), 
we conclude that 0(t) — 0(1) is negative for t close to 1, which contradicts Lemma 13.61 
Thus 0(0) - 0(1) > I A WM which proves (jSISZI)- 

To prove (jSSHl), put pt = ^. Then 0(t) = U{pt) du. From (^O^ . for t > we have 

(3.40) 0(0) - 0(1) < - - i A (1 - t) WM vf. 
To prove the inequality ()3.38p . it suffices to prove that 

(3.41) liminf M^M^ < 
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The convexity of U implies that 

(3.42) U{pt) - f/(po) > U'{po)ipt - Po). 
Integrating with respect to u and dividing by —t < 0, we infer 

(3.43) _ 1 [0(t) _ 0(0)] < - I [ U'ipoix))[dptix)-dpoix)]. 

By Proposition 12.101 pt = (e*)*!!, where 11 is a certain probabihty measure on the space 
r of minimal geodesies in X. In particular, 

(3.44) -i [ U\po{x))[dp,{x)-dpo{x)] = -- /"[f/'(po(7(t))) - f/'(Po(7(0)))] ^0(7). 
Since U' is nondecreasing and t(i(7(0), 7(1)) = (i(7(0), 7(t)), we have 

(3.45) - \ \ [f/'(po(7(t)))-^'(Po(7(0)))]cin(7) < 



t 
1 

u'ipoiim - u'ipoiim) [pom) - Poim)] 



[u'{po{im-u'{po{im)]du{^) = 

rf(7(0),7(l))rfn(7), 



Po(7(t))-Po(7(0)) d{^{0),^{t)) 

where strictly speaking we define the integrand of the last term to be zero when po(7(t)) = 
Po(7(0)). Applying the Cauchy-Schwarz inequality, we can bound the last term above by 

(3.46) 

[^-(Po(7(t))) -^-(po(7(0)))]- [po(7(t)) -po(7(0))]-- . I f . 7(1))^ ^0(7) 

[Po(7(t))-Po(7(o))]^ d{j{o),j{t)y rfiH7)yy^d(7W,7(i)) ^11(7). 

The second square root is just W^2(P0)Pi)- To conclude the argument, it suffices to show 
that 

(3.47) .,m,„f / P'(P'(^m -u'M-m))? Mym) -Mym>t ^(^) < ,^,,^), 

^ Jr IPoilit)) - PoiliO))? rf(7(0),7(())' 

The continuity of po implies that limf_,o po(7(t)) = Po(7(0)). So 



[f/'(Po(7(t)))-f/'(po(7(0)))] 



2 



(3-48) Jim ' VV^V , / = f/"(Po(7(0))) 

[poilit)) - Po(7(0))]2 

On the other hand, the definition of the gradient implies 

('iAo\ V [Po(7(i^)) -Po(7(0))]- ^ 1^- |2. .n^^ 

(3.49) hmsup ^(^(o)^^(,))2 < |V Pol (7(0)). 



\2 



As Po is a positive Lipschitz function on X, and U' is C^-regular on (0, oo), U' o pg is also 

j{t)))-U'(po 
d(7{0),7(i))2 



Lipschitz on X. Then is uniformly bounded on F, with respect to t, 
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and dominated convergence implies that 

(3.50) liminf / [^-(/;o(;(;))) - ^;(Po(7(0)))]^ [Po(7(t)) - Po(7(0))]- , < 
^ ' 7r [Po(7W)-Po(7(0))]2 t;(7(0),7(t))2 ^ " 



f/"(Po(7(0)))'|V-poP(7(0))rfn(7) = / U"Mx)f\W-p,\\x)dii{x 

'X 



This concludes the proof of the inequality on the right-hand-side of ()3.38|) . □ 

Remark 3.51. Modulo the notational burden caused by the nonsmooth setting, the proof 
of Proposition 13.361 is somewhat simpler than the "standard" Euclidean proof because we 
used a convexity inequality to avoid computing 0'(O) exphcitly (compare with jUl p. 161]). 

Particular cases 3.52. Taking U = Un, with fi = p u and p G Lip(X) a positive 
function, define 



(3.53) InAp) 



N - lY f |V~pP 

' ' du if 1 < N < oo, 



' ^' du ifN = oo. 



KJx P 

Proposition c/6|) implies the following inequalities : 
-lf\>0 then 

(3.54) ^W^ip^iyf < H^Ap) < W^ip,^) ^JInAp) - ^^^{p.yf < ^InAp)- 



IfX<0 then 



A 



(3.55) HnAp) — diam(X) -y/lAT ,^(yu) — diam(X)^. 

Remark 3.56. IooAp) classical Fisher information of p relative to the reference 

measure z^, which is why we call Ijj a "generalized Fisher information" . 



4. Weak displacement convexity and measured Gromov-Hausdorff limits 

In this section we first show that if a sequence of compact metric spaces converges in the 
Gromov-Hausdorff topology then their associated Wasserstein spaces also converge in the 
Gromov-Hausdorff topology. Assuming the results of Appendices |B] and O we show that 
weak displacement convexity of Uu is preserved by measured Gromov-Hausdorff limits. 
Finally, we define the notion of weak A-displacement convexity for a family T of functions 
U. 
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4.1. Gromov— Hausdorff convergence of the Wasserstein space. 

Proposition 4.1. // / : {Xi,di) {X2,d2) is an e-Gromov-Hausdorjf approximation 
then f^: : P2{Xi) ^ P2(-^2) is an't-Gromov-Hausdorff approximation, where 

(4.2) ? = 4e + v^e (2diam(X2) + e). 

Corollary 4.3. // a sequence of compact metric spaces {(Xj, (ij)}^;^ converges in the 
Gromov-Hausdorff topology to a compact metric space (X, then {P2{Xi)}°^^ converges 
in the Gromov-Hausdorff topology to P2{X). 

Proof of Proposition \4.1\ Given /ii, fi[ G P2{Xi), let tti be an optimal transference plan for 
/ii and fi[. Put 7T2 = {fx f)*T^i- Then 7^2 is a transference plan for /^,yUi and We 
have 
(4.4) 

W^2(/*/il,/*/U'l)^ < / d2{x2,y2f dTT2{x2,y2) = / d2{f{xi),f{yi)fdTTi{xi,yi). 
JX2XX2 JXixXi 

As 

(4.5) \d2{f{xi)J{yi))^ - diixuyifl = \d2{f{xi)J{yi)) - rfi(xi, ?/i)| ■ 

{d2{f{xi),f{yi)) + rfi(a;i,i/i)) 

we have 

(4.6) \d2{f{xi),f{yi)f - di{x,,yif\ < e(2diam(Xi) + e) 
and 

(4.7) \d2{f{x,),f{y,)f - d,{x,,y,Y\ < e(2diam(X2) + e). 
It follows that 

(4.8) W^2(/*/ii,M)' < W^2(/ii,/^'i)' + e(2diam(Xi) + e) 
and 

(4.9) 1^2(/*/ii,M)' < W^2(/ii,/i'i)' + e(2diam(X2) + e). 
It follows from this last inequality that 

(4.10) W^2(/*/ii,/*/i'i) < W2ifii,fi[) + Ve(2diam(X2) + e). 

We now exchange the roles of Xi and X2. We correspondingly apply ()4.8p instead of 
()4.9|1 . to the map /' and the measures and to obtain 

(4.11) W^2(/:(/*/ii),/:(M)) < W^2(/*/ii,M) + Ve(2diam(X2) + e). 

Since /' o / is an admissible Monge transport between /ii and (/' o /)^,yUi, or between yu'^^ 
and (/' o /)*/i'^, which moves points by a distance at most 2e, we have 

(4.12) iy2((/'o/)./ii,/ii) < 2e, iy2((/'o /),/.;, /i'l) < 2e. 
Thus by fl4.11|) and the triangle inequality, 



(4.13) W2{fii,fi[) < 1^2(/*/ii,/*/i'i) + 4e + Ve(2diam(X2) + e). 
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Equations ()4.10|) and ()4.13|) show that condition (i) of Definition 11.81 is satisfied. 

Finally, given fi2 G P2{X2), consider the Monge transport f o f from fi2 to (/ o /%/i2. 
Then VF2(Ai2, /*(/*Ai2)) < e- Thus condition (ii) of Definition 11.81 is satisfied as well. □ 

Remark 4.14. The map is generally discontinuous. In fact, it is continuous if and only 
if / is continuous. 

4.2. Stability of weak displacement convexity. 

Theorem 4.15. Let {(Xj, (ij, z/j)}^-^ be a sequence of compact measured length spaces so 
thatlim.i^ooiXijdiji'i) = (X, d, z/qo) in the measured Gromov-Hausdorff topology. Let U be 
a continuous convex function on [0, oo) with U{0) = 0. Given A G M, suppose that for all 
i, U,y. is weakly X- displacement convex for {XijdijUi). Then U^^ is weakly \- displacement 
convex for (X, d, v) . 

Proof. By Lemma [3.241 it suffices to show that for any /Xo,/^i G P2{,X) with continuous 
densities with respect to i^oo, there is a Wasserstein geodesic joining them along which 
inequality ()3.16|) holds for U^^. We may assume that Uu^^hq) < oo and Uu^{ixi) < oo, as 
otherwise any Wasserstein geodesic works. 

Write Hq = po ^oo and /ii = piu^o- Let fi : Xj — X be an ej-approximation, with 
limj^oo = and limj^oo(/i)*'^i = '^oo- If « is sufficiently large then fx Po d{fi)^i'i > 
and JxPi d{f\),u, > 0. For such t, put fn^o = j^^'!^/^,,^ and fn,, = j^^'^f'^^^,. Then 

if^)*^'ifi = j'llduZ-. ''^^ ifd*Pi^ = j'^MfZ-. - ^"^^ ^^^^^"^ geodesies q : [0, 1] ^ P2{Xi) 
with Cj(0) = fiifi and Cj(l) = fii^i so that for all t G [0, 1], we have 

(4.16) U,Xci{t)) < tU,XPi,i) + (l-t)f/.,(/i^,o) - ]^\t{l-t)W2{pifl.p^,if. 

From Lemma 11.111 and Corollary 14.31 after passing to a subsequence, the maps {fi}* o 
Cj : [0,1] — > P2{.X) converge uniformly to a continuous map c : [0,1] — *• P2{X). As 
W2{ci{t),Ci{t')) = \t -t'\W2{pi,o,Pi,i), it follows that W2{c{t),c{t')) = \t-t'\W2{fio,Pl). 
Thus c is a Wasserstein geodesic. The problem is to pass to the limit in ()4.1fi|l as i ^ oo. 
Given F G C{X), the fact that pQ G C{X) implies that 

(4.17) lim [ Fd{fi).p,fl = lim ! Fp^^J^%^ = ! Fp^dv^. 

Thus limj^oo(/j)*/^j,o = Po- Similarly, limj^oo(/j)*/^i,i = Pi- It follows from Corollarv 14.31 
that 

(4.18) llmW2{p^fl,P^,l) = W2ipo,Pl)- 

j— >oo 

Next, 

(4.19) U^^ip,,o) = [ u( ^[P' \ dv, = [ u(- ^7^) dif,).u,. 

Jx, \JxPod{fi)*JyiJ Jx \ixP^'^Ui)*^iJ 



RICCI CURVATURE VIA OPTIMAL TRANSPORT 25 

As 

(4.20) lim U ^^TTT-) = U{po) 



uniformly on X, it follows that 



(4.21) lim / u(y ^° , ) d{f,),u, = lim / U{po) d{f,),u, = / U{po) du^. 

Thus limi^oof^i.,(/Wi,o) = Uy^jPo )- Similarly, lim^^oo f/z.,(/Ui,i) = Uy^{pi)- 
It follows from Theorem IB.33r ii) in Appendix iBl that 

(4.22) %)^,,^((/,),c,(t)) < U,Xc^{t)). 

Then, for any t G [0, 1], we can combine this with the lower semicontinuity of (/i, v) Uu{p) 
(Theorem IB. 33^ 1) in Appendix El) to obtain 

(4.23) U,Ac{t)) < liminf%),,,((/,),Q(t)) < liminf ?7,,(Q(t)). 

j^oo i— >oo 

Combining this with ()4.18p and the preceding results, we can take i oo in ()4.16p and 
find 

(4.24) U,^{c{t)) < tU,M + (l-t)t/.^(/io) - \\t{l-t)W2{po,Pif. 

This concludes the proof. □ 

Definition 4.25. Let be a family of continuous convex functions U on [0, cxo) with 
f/(0) = 0. Given a function X : — M U {—cxo}, we say that a compact measured length 
space {X, d, u) is weakly X- displacement convex for the family T if for any hq, fii e P2{X, u), 
one can find a Wasserstein geodesic {pt}teio,i] from po to pi so that for each U E J-", U^, 
satisfies 

(4.26) UM < t UM + (1 - ^) UM - I HU) til - t)W2{po, Pi? 

for allte [0,1]. 

There is also an obvious definition of "weakly A-a.c. displacement convex for the family 
JF", in which one just requires the condition to hold when po, Pi G P2'^{X,h'). Note that 
in Definition 14.251 the same Wasserstein geodesic {pt}te[o,i] is supposed to work for all of 
the functions U E J^. Hence if (X, d, v) is weakly A-displacement convex for the family 
T then it is weakly A (f/) -displacement convex for each V E T ^ but the converse is not a 
priori true. 

The proof of Theorem 14. 151 establishes the following result. 

Theorem 4.27. Let {(Xj, dj, z/j)}^-^ he a sequence of compact measured length spaces with 
limj^oo (Xj, c/j, i/j) = (X, d, i^oo) in the measured Gromov-HausdorfJ toology. Let be 
a family of continuous convex functions U on [0, oo) with U{0) = 0. Given a function 
X : ^ MU {— oo}, suppose that each {Xi,di,i>i) is weakly X- displacement convex for the 
family T . Then (X, z/qo) is weakly X- displacement convex for the family T . 
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For later use, we note that the proof of Proposition 13.211 estabhshes the following result. 

Proposition 4.28. Let J-" be a family of continuous convex functions U on [0, oo) with 
U{0) = 0. Given a function A : JF ^ MU {— oo}, (X, d, u) is weakly X- displacement convex 
for the family T if and only if it is weakly X-a.c. displacement convex for the family T . 

5. X-RlCCI CURVATURE FOR MEASURED LENGTH SPACES 

This section deals with X-Ricci curvature and its basic properties. We first define certain 
classes VC^ of convex functions U . We use these to define the notions of a measured length 
space (X, (i, v) having nonnegative X-Ricci curvature, or oo-Ricci curvature bounded below 
by X G M. We show that these properties pass to totally convex subsets of X. We prove 
that the Ricci curvature definitions are preserved by measured Gromov-Hausdorff limits. 
We show that nonnegative X-Ricci curvature for N < oo implies a Bishop-Gromov-type 
inequality. We show that in certain cases, lower Ricci curvature bounds are preserved 
upon quotienting by compact group actions. Finally, we show that under the assumption 
of nonnegative X-Ricci curvature with X < oo, any two measures that are absolutely 
continuous with respect to u can be joined by a Wasserstein geodesic all of whose points 
are absolutely continuous measures with respect to u. 

5.1. Displacement convex classes. We first define a suitable class of convex functions, 
introduced by McCann ^l^. Consider a continuous convex function U : [0, oo) M with 
U (0) = 0. We define the nonnegative function 

(5.1) p{r) = rU'_^_{r) — U{r), 

with p(0) = 0. If one thinks of U as defining an internal energy for a continuous medium 
then p can be thought of as a pressure. By analogy, if U is C^-regular on (0, oo) then we 
define the "iterated pressure" 

(5.2) P2{i^) = rp'ir) —p{r). 

Definition 5.3. For X G [l,oo), we define VCjy to be the set of all continuous convex 
functions U on [0, oo), with U{0) = 0, such that the function 

(5.4) V(A) = t/(A-^) 
is convex on (0, oo). 

We further define VCoo to be the set of all continuous convex functions U on [0, oo), with 
f/(0) = 0, such that the function 

(5.5) ^{X) = U{e-^) 
is convex on (— oo, oo). 

We note that the convexity of U implies that is nonincreasing in A, as is nonde- 
creasing in x. Below are some useful facts about the classes VCn- 

Lemma 5.6. If N < N' then VCjv C VCn- 
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Proof. If A^' < oo, let ipiy and ip^' denote the corresponding functions. Then i/jnW = 
i^N' (A^/^ ). The conclusion follows from the fact that the function x x^^^ is concave 
on [0, oo), along with the fact that the composition of a nonincreasing convex function and 
a concave function is convex. The case A^' = cxd is similar. □ 

Lemma 5.7. For N E [1, oo], 

(a) If U is a continuous convex function on [0,oo) with U{0) =0 then U G "DCn if and 
only if the function r i — > p{r)/r^~~N is nondecreasing on (0, oo). 

(b) If U is a continuous convex function on [0, oo) that is C^-regular on (0, oo), with 
f/(0) = 0, then U G VC^ if and only if p2 > ~ ^■ 

Proof. Suppose first that f/ is a continuous convex function on [0, oo) and N G [l,oo). 
Putting r(A) = A^^, one can check that 

(5.8) ^^(A) = -Np{r)/r^-^. 

Then i/) is convex if and only if is nondecreasing, which is the case if and only if the 
function r i — p(r)/r^~^ is nondecreasing (since the map A — > A~^ is nonincreasing). 
Next, suppose that U is C^-regular on (0, oo). One can check that 

(5.9) V"(A) = r^-' (p2{r) + 



N 

Then ip is convex if and only if ip" > 0, which is the case if and only if p2 > ~ ^■ 

The proof in the case = oo is similar. □ 

Lemma 5.10. Given U G 'DCoo, either U is linear or there exist a,b > such that 
U{r) > arlogr — br. 

Proof. The function U can be reconstructed from ip by the formula 
(5.11) U{x) = xipi\og{l/x)). 

As ip is convex and nonincreasing, either ip is constant or there are constants a,b > such 
that ^^(A) > — aA — 6 for all A G M. In the first case, U is linear. In the second case, we 
have U{x) > — aa;log(l/x) — bx, as required. □ 



5.2. Ricci curvature via weak displacement convexity. We recall from Definition 
14. 251 the notion of a compact measured length space (X, d, v) being weakly A-displacement 
convex for a family of convex functions JF. 

Definition 5.12. Given N G [1, oo], we say that a compact measured length space (X, d, v) 
has nonnegative N -Ricci curvature if it is weakly displacement convex for the family T>Cn. 

By Lemma l5.6t if N < N' and X has nonnegative X-Ricci curvature then it has non- 
negative X'-Ricci curvature. In the case X = oo, we can define a more precise notion. 
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Definition 5.13. Given K eR, define X : VC^o ^ M U {-00} by 

ririim,_o+^ ifK>0, 
(5.14) X{U) = miK^=lo «/^ = 0, 

r>0 r I / ^ 

where p is given by i5.1]) . We say that a compact measured length space {X, d, v) has 00- 
Ricci curvature bounded below by K if it is weakly \- displacement convex for the family 
-DCoo- 

If K < K' and {X, d, v) has 00-Ricci curvature bounded below by K' then it has 00-Ricci 
curvature bounded below by K. 

The next proposition shows that our definitions localize on totally convex subsets. 

Proposition 5.15. Suppose that a closed set A (Z X is totally convex. Given v G P2{X^ 
with u{A) > 0, put u' = ^ z/|^ G P2{A). 

(a) IflXjd,!/) has nonnegative N-Ricci curvature then (A, (i, z/') has nonnegative N-Ricci 
curvature. 

(b) If (X, (i, z/) has 00-Ricci curvature bounded below by K then {A,d,v') has 00-Ricci 
curvature bounded below by K . 

Proof. By Proposition I2.1()( P2{A) is a totally convex subset of P2{X). Given yU G P2{A) C 
P2{X), let /i = p z/ + be its Lebesgue decomposition with respect to u. Then 
fi = p' u' + fis is the Lebesgue decomposition of fi with respect to z/', where p' = i^{A) p|^. 
Given a continuous convex function U : [0, 00) R with U{0) = 0, define 

Then U'{oo) = U'{oo), and U G VCn if and only if U e VCn ■ Now 
(5.17) U,ip) = [ U{p')dv' + U'{oo)ps{A) 

J A 

J A 

U{p)dv + U'{oo)ps{X) = UM- 

X 

As P2{A,u') C P2{X,u), part (a) follows. 

Letting p denote the pressure of U, one finds that 

p(r) ^ p{u{A)r) 
r i'{A)r 

Then with reference to Definition 15.131 A(f/) = X{U). Part (b) follows. □ 
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5.3. Preservation of A^-Ricci curvature bounds. The next theorem can be considered 
to be the main result of this paper. 

Theorem 5.19. Let {(Xj, di, Ui)}'^^ be a sequence of compact measured length spaces with 
limi^ooi^iydijUi) = {X,d,h') in the measured Gromov-Hausdorff topology. 

- If each {Xi, di, z/j) has nonnegative N-Ricci curvature then {X, d, v) has nonnega- 
tive N-Ricci curvature. 

- If each {Xi, di, Vi) has oo-Ricci curvature hounded below by K , for some K 
then {X, d, v) has oo-Ricci curvature bounded below by K . 

Proof. If < oo then the theorem follows from Theorem 14.271 with the family = VCn 
and A = 0. If = oo then it follows from Theorem 14.271 with the family JF = VCoo and A 
given by Definition 15.131 □ 

In what we have presented so far, the concept of (X, d, v) having nonnegative X-Ricci 
curvature, or having oo-Ricci curvature bounded below by K, may seem somewhat ab- 
stract. In Section [7| we will show that in the setting of Riemannian manifolds, it can be 
expressed in terms of classical tensors related to the Ricci tensor. 

5.4. Bishop— Gromov inequality. We first show that a weak displacement convexity 
assumption implies that the measure v either is a delta function or is nonatomic. 

Proposition 5.20. Let {X, d, v) be a compact measured length space. For all N G (1, oo], 
if Hn,u is weakly X- displacement convex then v either is a delta function or is nonatomic. 

Proof. We will assume that z/({x}) G (0, 1) for some x G X and derive a contradiction. 
Suppose first that X G (1,cxd). Put yUg = and /ii = ^^r^^rr^rr^- By the hypothesis 



and Proposition I2.1()| there is a displacement interpolation {/it}fg[o,i] from /iq to \i\ along 
which fnrTT)|l is satisfied with f/^ = R^^^ . Now HN,uil^o) = N - N (//({a;}))^/^ and 
HnAi^i) = N - N {1 - iy{{x})y/^ . Hence 



Put D = diam(X). As we have a displacement interpolation, it follows that if t > 
then supp(/it) C Bt£){x) and fit{{x}) = 0. Letting fit = PtV + {fi't)s be the Lebesgue 
decomposition of fit with respect to u. Holder's inequality implies that 



(5.21) if^,.(/ii) < N-{l-t)N{p{{x})) 



m ^tN{l-v{{x})Y"' -]^\t{l-t)W2{^Jio,^^lf. 



(5.22) 





Then 



(5.23) 



HnAl^t) > N - N {u {BtD{x)) - u{{x})) 



l/N 
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As limj^o+ ^ (^Bt£i{x)^ = z/({x}), we obtain a contradiction with ()5.21|) when t is smalL 
If = oo then HooAl^o) = log and H^^fii) = log ■ Hence 

(5.24) < (1 - ^) log ^TTT + t log ^ ^tTT - i ^ ^(^ - ^) ^2(/io, /^i)'. 

iy{{x}) l-u{{x}) 2 

In particular, fit is absolutely continuous with respect to u. Write fit = Pt ^- Jensen's 
inequality implies that for t > 0, 

(5.25) / Pt \og{pt) ^ > 

JBtD(^)-{x} y {BtD{x) - {x}\ 

du \ , I f du 

I Pt / V ■ / ( 

/i?,z,(x)-W V (Btoix) - {x}] J \JBto{x)-{x} V iBtD{x) - {x} 

loe 



Then 



(5.26) HooAl^t) = Pt log(pt) du = / Pt \og{pt) du 

Jx JBtD{x)-{x} 




1 



u [BtD{x) - {x} ^ 

As limt^o+ ^ [Btoix)^ = z/({x}), we obtain a contradiction with ()5.24|) when t is small. □ 

We now prove a Bishop-Gromov-type inequality. 

Proposition 5.27. Let {X, d, v) he a compact measured length space. Assume that Hm,v 
is weakly displacement convex on P2{X), for some N G (1, oo). Then for all x G supp(i/) 
and all < ri < r2, 

(5.28) ^{Br,{x))< p v{B:,,{x)). 



Proof. From Proposition I5.2UI we may assume that v is nonatomic, as the theorem is 
trivially true when z/ = 5^. Put /iq = 5^ and pi = ^- By the hypothesis and 

Proposition l2.1Ul there is a displacement interpolation {pt}telo,i] from Pq to pi along which 
(j3.16|) is satisfied with Ui, = Hjsi^y and A = 0. Now Hn,v{.Po) = A^ and H^^uiPi) = 
N - N {iy{Br,{x)))^/^ . Rence 

(5.29) H^AP^t) < N - t N {u{B,Ax))f"' . 
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Let fit = Pt^ + {pt)s be the Lebesgue decomposition of fit with respect to u. As we have a 
displacement interpolation, pt vanishes outside of Btr2{x). Then from Holder's inequality, 

(5.30) H^APt) > N - N {u{Btr,{x))f/'' . 

The theorem follows by taking ^ = ^- D 

Theorem 5.31. // a compact measured length space (X, (i, z/) has nonnegative N-Ricci 
curvature for some N G [1, oo) then for all x G supp(i/) and all < ri < r2, 

(5.32) i^{Br,{x)) < [j-] u{BrAx)). 

Proof. If G (l,C)o) then the theorem follows from Proposition 15.271 If = 1 then 
(X, d, v) has nonnegative X'-Ricci curvature for all N' G (1, oo). The theorem now follows 
by replacing N in (I5.32p by N' and taking N' ^ 1. □ 

Corollary 5.33. Given N G [l,C)o) and D > 0, the space of compact measured length 
spaces {X, d, v) with nonnegative N-Ricci curvature, diam(X, d) < D and supp(z/) = X 
is sequentially compact in the measured Gromov-Hausdorff topology. 

Proof. Let {{Xi,di,h'i)}°Z^ be a sequence of such spaces. Using the Bishop-Gromov in- 
equality of Theorem 15. 3H along with the fact that supp(i/j) = Xi, it follows as in 
Theorem 5.3] that after passing to a subsequence we may assume that {{Xi,di)}°Zi con- 
verges in the Gromov-Hausdorff topology to a compact length space (X, d) , necessarily 
with diam(X, d) < D. Let : Xj — X be Borel ej-approximations, with limj^oo = 0. 
From the compactness of P2{X), after passing to a subsequence we may assume that 
limj^oo(/i)*^i = V for some v G P2(X). From Theorem 15.191 (X, z/) has nonnegative 
X-Ricci curvature. 

It remains to show that supp(z/) = X. Given x G X, the measured Gromov- 
Hausdorff convergence of {(Xj, dj, z/j)}^]^ to (X, rf, z/) implies that there is a sequence 
of points Xi G Xj with limj^oo /i(a^j) = a; so that for all r > and e G (0,r), we 
have lim sup z^i(i?j.-e(a;i)) < u{Br{x)). Bv Theorem 15.311 {r — e)~^ i'i{Bj.-e{xi)) > 

diam(Xj, (ij)~^. Then z/(_Br(a;)) > ( diam(x d) ) , which proves the claim. □ 

Remark 5.34. Gorollary l5.33l shows that it is consistent in some sense to restrict to the case 
supp(z/) = X, at least when X is finite; see also Theorem l5.53l The analog of Gorollarv l5.33l 
does not hold in the case X = oo, as can be seen by taking X = [—1, 1], d{x,y) = \x — y\, 



V = l-tS^dx ^^'^ letting t go to infinity. 

5.5. Compact group actions. In this section we show that in certain cases, lower Ricci 
curvature bounds are preserved upon quotienting by a compact group action. 

Theorem 5.35. Let (X, d, u) be a compact measured length space. Suppose that any two 
/io,/ii € P^'^(X, z/) are joined by a unique Wasserstein geodesic, that lies in P2'^(X, z/). 
Suppose that a compact topological group G acts continuously and isometrically on X , 
preserving v. Let p : X X/G be the quotient map and let dx/c be the quotient metric. 
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We have the following implications: 

a. For N G [l,oo), if [X^d,v) has nonnegative N-Ricci curvature then {X/G,dx/GjP*^) 
has nonnegative N-Ricci curvature. 

b. If {X,d,i') has oo-Ricci curvature bounded below by K then {X/G.dx/GiV*^) has oo- 
Ricci curvature bounded below by K . 

The proof of this theorem will be an easy consequence of the following lemma, which 
does not involve the length space structure. 

Lemma 5.36. The map : P2{X) — > P2{X/G) restricts to an isometric isomorphism 
between the set P2{X)^ of G -invariant elements in P2{X), and P2{X/G). 

Proof. Let dh be the normalized Haar measure on G. The map p^ : P2{X) —* P2{X/G) 
restricts to an isomorphism p^ : P2{X)'^ P2{X/G); the problem is to show that it is an 
isometry. 

Let vf be a transference plan between JIq, Jli G P2{X)'^. Then tt' = j^g -tt dh{g) is also 
a transference plan between JIq and Jli, with 

(5.37) / dx(x,y)'^ dn'(x,y) = / / dxixg.ygf dn{x,y) dh{g) 
J XxX JgJxxx 

dx{x,yf dn(x,y). 

XxX 

Thus there is a G-invariant optimal transference plan tt between JIq and Jli. As tt = (pxp)^7r 
is a transference plan between p^JIq and p^Jli, with 

(5.38) / dx/G{x,yy dn{x,y) = / dx/G{p{x),p{y)y dTT{x,y) 

J {X/G)x{X/G) J XxX 



< / dxix,y) dTT{x,y), 

J XxX 

it follows that the map : P2{X)'-^ P2{X/G) is metrically nonincreasing. 

Conversely, let s : {X/ G) x [X/ G) ^ X x X he a. Borel map such that {px p)o s = Id 
and dx o s = dx/G- That is, given x, y G X/G, the map s picks points x G p~^{x) and 
y G p~^{y) in the corresponding orbits so that the distance between x and y is minimized 
among all pairs of points in p~^{x) x p~^{y). (The existence of s follows from applying 
Corollary A. 6] to the restriction of p x p to {{x,Jj) E X x X : dx(x,y) = dx/aipi^) , p{y))} ■ 
The restriction map is a surjective Borel map with compact preimages.) Given an optimal 
transference plan vr between /io,/ii G P2{X/G), define a measure vr on X x X by saying 
that for all F G C(X x X), 

(5.39) / Fdn = [ [ F{s{x,y)-{g,g))d7r{x,y)dh{g). 

J XxX Jg J{X/G)x{X/G) 
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Then for F e C{{X/G) x {X/G)), 
(5.40) 



/ Fd{pxp)^TT= / {pxp)*FdTr 

J(X/G)x(X/G) JxxX 

{{p X pYF) {s{x,y) ■ {g,g)) dTc{x,y) dh{g) 




G J {X/G) X {X/G) 

I / F{{pxp){s{x,y)-{g,g))) d7r{x,y)dh{g) 

G J{X/G)x{X/G) 

F{x,y) dn{x,y). 

{X/G)x{X/G) 

Thus {p X p)^7r = TT. As TT is G-invariant, it follows that it is a transference plan between 
{p*r\f^o),{p*)-\fii) e P2iXf. Now 

(5.41) / dx(x,y)^ dn(x,y) = / / dx{s{x,y) ■ {g, g)f d'JT{x,y) dh{g) 

JxxX Jg J{X/G)x{X/G) 

dx/G{.x,yf d7r{x,y). 

{X/G)x{X/G) 

Thus pt, and (p*)~^ are metrically nonincreasing, which shows that defines an isometric 
isomorphism between P2{X)'^ and P2{X/G). □ 

Proof of Theorem \5.3^ The proofs of parts a. and b. of the theorem are similar, so we 
will be content with proving just part a. 

First, {X/G, dx/G) is a length space. (Given x,y E X/G, let x G p^^{x) and y G p^^iy) 
satisfy dxix, y) = dx/G^^^ u)- If c is a geodesic from xtoy then p o c is a geodesic from x 
to y.) 

Given /io,/^i e P2''{X/G,p^iy), write /io = poP*^ and pi = pip^-u. Put /iq = (p*Po) 
and /ii = {j)*pi)u. From Lemma 15.35} VFofun./Ii) = VF2(/xo, /^i)- By hypothesis, there is 
a Wasserstein geodesic {'pt\t&[o,i] from /Iq to pi so that for all U G X'Cat, equation ()3.16|) is 
satisfied along {'pt\t(^[Q,i]) with A = 0. The geodesic {'pt}t&[Q,i] is G-invariant, as otherwise by 
applying an appropriate element of G we would obtain two distinct Wasserstein geodesies 
between pq and pi. Put pt = p*Pf It follows from the above discussion that {pt}te[o,i] is 
a curve with length W2{po, pi), and so is a Wasserstein geodesic. As pt G P^'^(X, i/), we 
have Pt G P^'^(X/G,p^,i/). Write /xt = ptP*i^- Then /z^ = (p*Pi) z/. As 

(5.42) = [ Uipt)dp,u = [ p*U{pt)dp = [ Uip*pt)diy = U^ipt), 

Jx/G Jx Jx 

it follows that equation (j3.16|) is satisfied along {pt}t£io,i]j with A = 0. Along with 
Proposition 13. 2H this concludes the proof of part a. □ 
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5.6. Uniform integrability and absolute continuity. In what has been done so far, 
it would be logically consistent to make our definition of nonnegative A^-Ricci curvature 
to mean weak displacement convexity of just Hn^^, and not necessarily all of VCn- The 
reasons to require weak displacement convexity for PCat are first that we can, in the sense 
of being consistent with the classical definitions in the case of a Riemannian manifold, 
and second that we thereby obtain a useful absolute continuity property for the measures 
appearing in a Wasserstein geodesic joining two absolutely continuous measures. This last 
property will feed into Proposition 13.361 when proving Theorem 16.11 

Lemma 5.43. Let {/ij}™,]^ he a finite subset of P2'^{X^v), with densities pi = If 
N < oo then there is a function U G T>Cn such that 

(5.44) lim ^ = oo 

r— >oo T 

and 

(5.45) sup / U {pi{x)) di'{x) < oo. 

l<i<m J X 

Proof. As a special case of the Dunford- Pettis theorem jT^ Theorem 2.12], there is an 
increasing function $ : (0, oo) M such that 

(5.46) lim = oo 

r— >oo T 

and 



(5.47) sup / ^ {pi{x)) di^{x) < oo. 

l<i<m J X 

We may assume that $ is identically zero on [0, 1]. 
Consider the function ip : (0, oo) —>■ M given by 

(5.48) ^{X) = A^<I'(A-^). 

Then ip = on [1, oo), and lim;v^o+ = oo. Let ip be the lower convex hull of ip on 

(0, oo), i.e. the supremum of the linear functions bounded above by ip. Then ip = on 
[l,oo) and ip is nonincreasing. We claim that lim;v^o+ i^W = oo. If not, suppose that 
limA_^o+ '^('^) = M < oo. Let a = sup;^>o < oo (because this quantity is < 

when A is small enough). Then ip{X) > M + 1 — aX, so lim;)^^o+ ^ M + 1, which is 
a contradiction. 
Now set 

(5.49) U{r) = r^(r-^/^). 

Since ip <ip and $(r) = r-?/'(r~^''^), we see that f/ < $. Hence 

(5.50) sup / U{pi{x)) dv{x) < oo. 

l<i<m J X 
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Since lim>,^o+ = oo, we also know that 

U(r) 

(5.51) hm = oo. 



+00 



Clearly U is continuous with U{0) = 0. As ip is convex and nonincreasing, it follows that 
U is convex. Hence U G VCn- □ 

Theorem 5.52. // {X, d, u) has nonnegative N-Ricci curvature for some N G [1, 00) then 
P2^{X,i') is a convex subset of P2{X). 

Proof Given /io,yUi G P^\X,u), put po = ^ and pi = By Lemma 1^321 there 

is a [/ G VCn with f/'(oo) = 00 such that Uu{fio) < 00 and f/^(pi) < 00. As (X, d, z/) 
has nonnegative A^-Ricci curvature, there is a Wasserstein geodesic {fJ't}te[o,i] from po to 
Pi so that (j3.16p is satisfied with A = 0. In particular, Uy{^t) < 00 for all t G [0, 1]. As 
U'{oo) = 00, it follows that pf G P2'^{X, u) for each t. □ 

We now clarify the relationship between {X, d, v) having nonnegative A^-Ricci curvature 
and the analogous statement for supp(t^). We recall the notion of a subset A G X being 
convex or totally convex, from Section [1.2.21 and we note that d\^ defines a length space 
structure on a closed subset A if and only if A is convex in X. 

Theorem 5.53. a. Given N G [l,oo), suppose that a compact measured length space 
{X,d,v) has nonnegative N-Ricci curvature. Then supp(z/) is a convex subset of X (al- 
though not necessarily totally convex) and (supp(z/), (i|supp(jy), '^) has nonnegative N-Ricci 
curvature. Conversely, z/ supp(z/) is a convex subset of X and (supp(z/), (i|supp(i/), '^) has 
nonnegative N-Ricci curvature then (X, rf, v) has nonnegative N-Ricci curvature. 

b. Given A' G R, the analogous statement holds when one replaces "nonnegative N-Ricci 
curvature" by "00-Ricci curvature bounded below by K". 

Proof, a. Let (X, d, v) be a compact measured length space with nonnegative X-Ricci 
curvature. Let po and pi be elements of P2{,X, v). By Theorem IC. 121 in Appendix m there 
are sequences {pfc,o}fcLi and in Pl^^i^X, u) (in fact with continuous densities) such 

that limfe_oo/ifc,o = Ato, hmfc^oo/ifc,i = AH and for all U G VCn, hnifc^oo f^i.(Atfc,o) = Uy{^,o) 
and lim^^oo ^i/(/^fe,i) = Uy{^i). From the definition of nonnegative X-Ricci, for each k 
there is a Wasserstein geodesic {/ifc,t}tG[o,i] such that 

(5.54) f/.(/iM) < t U,{l^k,i) + (1 - t) U,{fik,o) 

for all U G VCn and t G [0, 1]. By repeating the proof of Theorem 15.521 each p^^t is 
absolutely continuous with respect to u. In particular, it is supported in supp(z/). By 
the same reasoning as in the proof of Proposition 13.211 after passing to a subsequence we 
may assume that as A; — 00, the geodesies {^k,t}telo,i] converge uniformly to a Wasserstein 
geodesic {fit}telo,i] that satisfies 

(5.55) UM < t + (1 - UM- 

For each t G [0, 1], the measure pf is the weak-* limit of the probability measures {/^fc,t}fcLi, 
which are all supported in the closed set supp(z/). Hence pt is also supported in supp(i/). 
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To summarize, we have shown that {fJ't}te[o,i] is a Wasserstein geodesic lying in P2{X,i') 
that satisfies (PTIHHD for all U G VCn and t e [0, 1]. 

We now check that supp(z/) is convex. Let Xq and Xi be any two points in supp(z/). 
Applying the reasoning above to /xq = a^id /ii = ^^.'i, one obtains the existence of a 
Wasserstein geodesic {fit}te[o,i] joining to such that each fit is supported in supp(z/). 
By Proposition 12. lOl there is an optimal dynamical transference plan 11 G P(T) such that 
f^t = (et)*n for all t G [0, 1]. For each t G [0, 1], we know that •yit) G supp(z/) holds for H- 
almost all 7. It follows that for H-almost all 7, we have 7(t) G supp(z/) for all t G Qfl [0, 1]. 
As 7 G r is continuous, this is the same as saying that for H-almost all 7, the geodesic 7 is 
entirely contained in supp(i/). Also, for H-almost all 7 we have 7(0) = Xq and 7(1) = Xi. 
Thus Xq and Xi are indeed joined by a geodesic path contained in supp(z/). 

This proves the direct implication in part a. The converse is immediate, 
b. The proof of part b. follows the same lines as that of part a. We construct the approx- 
imants {fik,o}'kLi {/^fc,i}fc^i' with continuous densities, and the geodesies {fik,t}te[o,i]- 
As Hoo,u{fJ'0,k) < 00 and i^oo,i/(yUi,fc) < 00, we can apply inequality ()3.16|) with U = Hoo 
and A = i^', to deduce that Hoo,i,{fJ^t,k) < 00 for all t G [0,1]. This implies that ^t,k is 
absolutely continuous with respect to u. The rest of the argument is similar to that of part 
a. □ 

Remark 5.56. Corollarv 15.331 and Theorem 15.531 a together show that in the case < 00, 
we do not lose much by assuming that X = supp(i/). 



In this section we study several functional inequalities with geometric content that are 
associated to optimal transport and concentration of measure : log Sobolev inequalities, 
Talagrand inequalities and Poincare inequalities. We refer to |4j and ^44, Chapter 9] for 
concise surveys about previous work on these inequalities. 

We first write some general functional inequalities. In the case of cxo-Ricci curvature 
bounded below by K, we make explicit the ensuing log Sobolev inequalities, Talagrand 
inequalities and Poincare inequalities. We then write out explicit functional inequalities 
in the case of nonnegative A^-Ricci curvature. Finally, we prove a weak Bonnet-Myers 
theorem, following (SHI Section 6]. 

6.1. The general inequalities. We recall the generalized Fisher information of ()3.53p . 
where p G Lip(X) is positive and /i = pu is the corresponding measure. 

Theorem 6.1. Suppose that (X, (i, z/) has 00-Ricci curvature bounded below by K > 0. 
Then for all p G P2{X, u), 



If now p G P^'^(X, u) and its density p = is a positive Lip schitz function on X then 



6. Log Sobolev, Talagrand and Poincare inequalities 



(6.2) 



— W^ip^yf < H^Ap). 



(6.3) 
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// on the other hand {X, d, u) has oo-Ricci curvature hounded below by K < then 

K 



(6.4) H^Afi) < diam(X) ^J looAl^) - y diam(X)^. 

// (X, d, v) has nonnegative N-Ricci curvature then 



(6.5) HnAi^) < diam(X) y'/Ar,,,(/i). 

Proof. We wish to apply Proposition 13.361 to the cases described in Particular Cases |S321 
Under the assumption that Uy{^) < oo, we have to show that there is a Wasserstein 
geodesic as in the statement of Proposition 13.361 with /ij G P2^{X.,v) for all t G [0,1]. If 
N = oo then there is some Wasserstein geodesic {fit}t£io,i] from ji to u which in particular 
satisfies equation (j3.16|) with U^, = H^o^v and \ = K. Hence Hoo,v{l^t) < oo for all 
t G [0, 1] and the claim follows from the fact that f/^(oo) = oo. IfXG[l,oo) then the 
claim follows from Theorem 15.521 □ 

We now express the conclusion of Theorem 16.11 in terms of more standard inequalities, 
starting with the case N = oo. 

6.2. The case N = oo. 

Definition 6.6. Suppose that K > 0. 

• We say that v satisfies a log Sobolev inequality with constant K, LSI(-ft'), if for all 
/i G P2'^{X, v) whose density P = ^ is Lipschitz and positive, we have 

(6-7) H^Alj) < i^Ioo,M- 

• We say that v satisfies a Talagrand inequality with constant K, T{K), if for all fi G 



(6.8) W2M<fJ^^. 

• We say that v satisfies a Poincare inequality with constant K, P{K), if for all h G 
Lip(X) with Jj^hdi' = 0, we have 

(6.9) [ h^dv<^ [ \V-h\^dv. 



Jx Kj^ 

Remark 6.10. Here we used the gradient norm defined in ()1.4|) . instead of the one defined 
in ()1.3p . Accordingly, our log Sobolev inequality and Poincare inequalities are slightly 
stronger statements than those discussed by some other authors. 

All of these inequalities are associated with concentration of measure jH |H1 El I2ni 121] • 

For example, T{K) implies a Gaussian-type concentration of measure. The following chain 
of implications, none of which is an equivalence, is well-known in the context of smooth 
Riemannian manifolds : 

(6.11) [Ric > K] ^LSl{K) ^T{K) ^ P{K). 



38 JOHN LOTT AND CEDRIC VILLANI 

In the context of length spaces, we see from Theorem 16 . 1 1 that having oo-Ricci curvature 
bounded below by > implies LS1{K) and T{K). The next corollary makes the 
statement of the log Sobolev inequality more explicit. 

Corollary 6.12. Suppose that (X, d, z/) has oo-Ricci curvature hounded below by K ElS.. 
If f & Lip(X) satisfies p du = 1 then 



(6.13) jj^\og{f)dv < 2W2{fu,u)^l^\V-f\'du - ^W2{fu,uf. 

In particular, if K > then 

(6.14) [ f\og{f^)dv < ^ [ \V'f\'du, 
while if K < then 



(6.15) J /2 log(/2)rfz/ < 2 diam(X) y j \V~f\^du - y diam(X)2. 
Proof. For any e > 0, put = fipf- From Theorem 16. H 



2 



(6.16) / l0g(p,)dz/ < W2{PeI^,l^)\ [ ^-^-^du - ^W2{Pel^,iy] 

Jx \ Jx Pe ^ 

As 

(6.17, M . ^ |v-,|., 

Pe 1 + e + e 

the corollary follows by taking e — 0. □ 

We now recall the standard fact that LSI(-ft') implies P{K). 

Theorem 6.18. Let (X, d, z/) be a compact measured length space satisfying LSI(-ft') for 
some K > 0. Then it also satisfies P{K). 

Proof. Suppose that h G Lip(X) satisfies Jj^hdu = 0. For e G [0, ), put fe = 
Vl + eh > 0. As 2/,V~/e = eVh, it follows that 

(6.19) _l,m(i j^\V-f.?du) = \jjV-h\-d.. 

As the Taylor expansion of xlog(x) — x + 1 around x = 1 is |(x — 1)^ + . . ., it follows 
that 

(6.20) hm i / fl log(/f ) dv = \ f e dv. 

Then the conclusion follows from (16.1411. □ 
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Remark 6.21. If Q{h) = | V/ipcii^ defines a quadratic form on Lip(X), which in addition 
is closable in L^(X, z/), then there is a (nonpositive) self-adjoint Laplacian associated 
to Q. In this case, P{K) implies that — > K on the orthogonal complement of the 
constant functions. 

We do not claim to show that there are such Laplacians on (X, d, v) in general. In the 
case of a limit space arising from a sequence of manifolds with Ricci curvature bounded 
below, Cheeger and Colding used additional structure on the limit space in order to show 
the Laplacian does exist 



As mentioned above, in the case of smooth Riemannian manifolds there are stronger 
implications: T{K) implies P{K), and LSI(i^) implies T{K). We will show elsewhere that 
the former is always true, while the latter is true under the additional assumption of a 
lower bound on the Alexandrov curvature: 

Theorem 6.22. Let (X, rf, v) he a compact measured length space. 

(i) If V satisfies T{K) for some K > then it also satisfies P{K). 

(a) If X is a finite- dimensional Alexandrov space with Alexandrov curvature bounded 
below, and v satisfies LSI(-ft') for some K > 0, then it also satisfies T{K). 

Remark 6.23. The Alexandrov curvature bound in (ii) essentially serves as a regularity 
assumption. One can ask whether it can be weakened. 

Remark 6.24. We have only discussed global Poincare inequalities. There is also a notion 
of a metric-measure space admitting a local Poincare inequality, as considered for example 
in JHl- If a measured length space (X, d, v) has nonnegative X- Ricci curvature, with X < 
cxD, then it admits a local Poincare inequality, at least if one assumes almost-every where 
uniqueness of geodesies. We will discuss this in detail elsewhere. 

6.3. The case X < oo. We now write an analog of Corollarv 16.121 in the case X < oo. 
Suppose that (X, d, p) has nonnegative X-Ricci curvature. Then if p is a positive Lipschitz 
function on X, ()6.5|) says that 



(6.25) N - N [ p^-TT dv < ^^^—^ diam(X) J I rfz/. 

Jx N y Jx pN~^^ 



ix p' 

If X > 2, put / = p^^ . Then /^-2 dv = 1 and one finds that ()6.25|) is equivalent to 



(6.26) 1 - / f'-^du < diam(X) J / \V-f\^du. 



X 




As in the proof of Corollary I6.12[ equation ()6.26|) holds for all / G Lip(X) satisfying 

27V 

f ^-2 du = 1. From Holder's inequality. 



2 JV 

(6.27) X'^^^'^ ^ Ux^'^^'Y ' Ux^^'^^^y^' ^ Ux^'^'') 



JV+2 
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Then ()6.26|) imphes 

Writing (j6.28|) in a homogeneous form, one sees that its content is as follows: for a function 
F on X, bounds on || V~F II2 and || -F ||i imply a bound on || F \\^n_. This is of course 
an instance of Sobolev embedding. 

If = 2, putting / = log(-), one finds that dv = 1 implies 



(6.29) ^ ~ / - ^ diam(X) J j \V-f\'^dv. 



6.4. Weak Bonnet— Myers theorem. The classical Bonnet-Myers theorem says that if 
M is a smooth connected complete A^-dimensional Riemannian manifold with RIca/ > 

Kqm > 0, then diam(M) < vr^^. 

We cannot give an immediate generalization of this theorem to a measured length space 
{X, d, u), as we have not defined what it means to have A^-Ricci curvature bounded below 
by K for N < 00 and > 0. However, it does make sense to state a weak version of 
the Bonnet -Myers theorem under the assumptions that {X, d, v) has nonnegative A^-Ricci 
curvature and has 00-Ricci curvature bounded below by > 0. 

Theorem 6.30. There is a constant C > with the following property. Let {X, d, v) he a 

compact measured length space with nonnegative N-Ricci curvature, and 00-Ricci curvature 
hounded helow hy K > 0. Suppose that supp(z/) = X . Then 

/iV 

(6.31) diam(X)<CW— . 

V K 

Proof. From Theorem 15.311 u satisfies the growth estimate 

(6.32) < "'"^^ < a < 1. 

From Theorem 16.11 u satisfies T{K). The result follows by repeating verbatim the proof 
of Theorem 4] with R = 0, n = N and p = K. □ 

Remark 6.33. The remark at the end of j^H^ Section 6] shows that C = 7.7 is admissible. 

7. The case of Riemannian manifolds 

In this section we look at the case of a smooth Riemannian manifold (M, g) equipped 
with a smooth measure u. We define the tensor Riciv and show the equivalence of lower 
bounds on Ric^r to various displacement convexity conditions. In particular, we show 
that the measured length space {M,g,i>) has nonnegative X-Ricci curvature if and only 
if RicTv > 0, and that it has 00-Ricci curvature bounded below by K if and only if 
RiCoo > K g. 
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(7.2) Ric 



N 



We use this, along with Theorem 15.191 to characterize measured Ricci hmit spaces that 
happen to be smooth. We give some consequences concerning their metric structure. We 
then show that for Riemannian manifolds, lower A^-Ricci curvature bounds are preserved 
under taking compact quotients. Finally, we use displacement convexity to give a "syn- 
thetic" proof of a part of the Ricci O'Neill theorem from [SU]. 

7.1. Formulation of A^-Ricci curvature in classical terms. Let {M,g) be a smooth 
compact connected n-dimensional Riemannian manifold. Let Ric denote its Ricci tensor. 
Given ^ G C~(M) with /^.^e"* dvoU/ = 1, put rfz/ = e"* dvoUf. 

Definition 7.1. For N G [1, oo], the N -Ricci tensor of {M,g, v) is 

'Ric + Hess (^) if N = oo, 

Ric + Hess(\I^) - (g) if n < N < oo, 

Ric + Hess (^) - oo (d^ (g) d^) if N = n, 
—oo if N < n, 

where by convention oo ■ = 0. 

The expression for RiCoo is the Bakry- Emery tensor [6j. The expression for RIcat with 
n < < oo was considered in [301 EHI- The statement RIctv > Kg is equivalent to the 
statement that the operator L = A — (V\E') ■ V satisfies Bakry's curvature-dimension 
condition CD{K,N) '3', Proposition 6.2]. 

Given K G M, we recall the definition of A : VCoo ^ M U {— oo} from Definition 15.131 

Theorem 7.3. a. For N G (l,oo), the following are equivalent : 

(1) Ricm > 0. 

(2) The measured length space {M,g,v) has nonnegative N -Ricci curvature. 

(3) For all U G T>Cn, Uy is weakly displacement convex on P2{M). 

(4) For all U G VCn, Uy is weakly a.c. displacement convex on P^'^(M). 

(5) Hm,v is weakly a.c. displacement convex on P|''^(M). 

h. For any if G M, the following are equivalent : 

(1) RiCoo > Kg. 

(2) The measured length space {M,g,v) has oo-Ricci curvature hounded below by K. 

(3) For all U G 'DCoo, Uy is weakly X{U)- displacement convex on P2{M). 

(4) For all U G "DCoo, Uy is weakly X{U)-a.c. displacement convex on P^^(M). 

(5) Hoo,v is weakly K-a.c. displacement convex on P|'^(M). 

For both parts (a) and (b), the nontrivial implications are (1) ^ (2) and (5) ^ (1). The 
proof that (1) ^ (2) will be along the lines of [T^ Theorem 6.2], with some differences. 
One ingredient is the following lemma. 

Lemma 7.4. Let (J) : M M be a ^-concave function. We recall that cf) is necessarily 
Lipschitz and hence {S/(j)){y) exists for almost all y gM. For such y, define 

(7.5) Ft{y) = e^Vy{-tVct>{y)). 



(7.6) ^<-rRic(F;(y),F;(y)) tG(0,l) 
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Assume furthermore that y & M is such that 

(i) (j) admits a Hessian at y (in the sense of Alexandrov), 
(a) Ft is differentiahle at y for all t G [0, 1) and 
(Hi) dFt{y) is nonsingular for all t E [0, 1). 
Then D{t) = det" {dFt{y)) satisfies the differential inequality 

D"{t) ^ 1 
D{t) - n 

Proof. Let {cj}"^^ be an orthonormal basis of TyM. For each z, let Ji{t) be defined by 

(7.7) J,{t) = {dFt)y (e,). 

Tlien {Ji(t)}L ^ is a Jacobi field with Ji(0) — Cj. Next, we note that dcf) is differen- 
tiable at and that d{d(j))y coincides with HesSy(0), up to identification. This is not so 
obvious (indeed, the existence of a Hessian only means the existence of a second-order 
Taylor expansion) but can be shown as a consequence of the semiconcavity of 0, as in 
Proposition 4.1 (b)]. (The case of a convex function in R" is treated in [Jj Theorems 3.2 
and 7.10].) It follows that 

(7.8) j;(0) = -Hess(0)(i/)e,. 
Let now W{t) be the (n x n)-matrix with 

(7.9) w,,it) = {Mt),j,it)y, 

then det^{dFt){y) = det^W{t). 

Since W{t) is nonsingular for t G [0, 1), {Ji{t)}^^i is a basis of TFt{y)M. Define a matrix 
R{t) by J[{t) = X]j-R(^)i"' •^i(^)- It follows from the equation 

(7.10) j^mt),JAt)) - {Mt),j',m = 

and the self-adjointness of Hess {(p){y) that RW — W = for all t G [0, 1), or equivalently, 
R = WR^W~^. (More intrinsically, the linear operator on Tp^f^y^M defined by R satisfies 
R = R*, where R* is the dual defined using the inner product on Tp^(^y)M.) 
Next, 

(7.11) W = RW + WR^. 
Applying the Jacobi equation to 

(7.12) w,;' = (jr(t),j,(t)) + (j.(t),j;(t)) + 2(j;(t),j;(t)) 

gives 

(7.13) W" = -2Riem(-,F/(?/),-,F/(|/)) + 2RWR^. 
Now 

(7.14) ^det^W{t) = —det^W{t) Ti {W'W-^) 
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and 
(7.15) 

— dei^Wit) Tr (W"W-^) . 
2n 

Then by (TTWf and ^J^, 

(7.16) D-'^ = \ (Tr(i?))^ - - Tr(i?^) - - Ric(F/(y), F/(y)) + - Tt{R'). 
As R is self- adjoint, 

(7.17) - {TiiR) f - Tr(i?2) < 0, 

n 

from which the conclusion follows. □ 

Proof of Theorem \7.!^ part (a). To show (1) ^ (2), suppose that RIctv > 0. By the 
definition of RIcat, we must have n < N, or n = N and \E' is constant. Suppose first that 
n < N . We can write 

(7.18) RicAT = Ric - {N - n) Hess ^e" ^ 

Given fio, fii G P^'^(M), let {^t}t<^[o,i] be the unique Wasserstein geodesic from /iq to /xi. 
From Proposition I4.28[ in order to prove (2) it suffices to show that for all such /xq and /zi, 
and all U G VC^, the inequality ()3.16p is satisfied with A = 0. 

We recall facts from Subsection 12.41 about optimal transport on Riemannian manifolds. 
In particular, fit is absolutely continuous with respect to dvoU/ for all t, and takes the form 
(Ft)*/io, where Ft{y) = expy(— tV0(?/)) for some y-concave function (p. Put r]t = ^j^j^- 
Using the nonsmooth change-of- variables formula proven in ^\ Corollary 4.7] (see also jBT| 
Theorem 4.4]), we can write 

(7.19) UM = [ t/(e*('"Nt(m))e-*('") dvoW(m) 



M 

U ( e 

M 



Putting 

(7.20) C{y,t) = det^ {dFt){y), 

we can write 



(7.21) U^ifit) = / Ciy,tfU{r]oiy)Ciy,t)-'')dvo\Miy). 

Suppose that we can show that C{y,t) is concave in t for almost all y G M. Then for 
y G supp(/io), as the map 

(7.22) A ^ r/o-i(y)A^f/(r/o(y)A-^) 
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is nonincreasing and convex, and the composition of a nonincreasing convex function with 
a concave function is convex, it follows that the integrand of (j7.2H) is convex in t. Hence 
UuifJ't) will be convex in t. 

To show that C{y,t) is concave in t, fix y. Put 

*(-Ff (y)) 

(7.23) Ci(t) = e-^^ 
and 

(7.24) C2(t) = det^idFt)iy), 

so C{y,t) = Ci{t)^ C2{t)^. We have 
(7.25) 



< (Ric - mcN){F;{y),F;{y)) + nC, 



dt^ ■ 

We may assume that the function has a Hessian at y Theorem 4.2(a)], and that dFf 
is well-defined and nonsingular at y for all t G [0, 1) Claim 4.3(a-b)]. Then Lemma f7. 41 
shows that 

(7.26) nC^-' ^ < - ^HFliy), F^iy)). 

So NC-\t)C"{t) < -Ric^(F/(?/),F/(?/)) < 0. This shows that {M,g,u) is weakly dis- 
placement convex for the family VCjsi. 

The proof in the case N = n follows the same lines, replacing Ci by 1 and C2 by C. 

We now prove the implication (5) =^ (1). Putting U = Un in ()7.2ip . we obtain 

(7.27) H^Af^t) = N - N [ C{y,t)r]o{yY'^ dvoWd/). 

Suppose first that n < N and Hj^i ^, is weakly a.c. displacement convex. Given m & M and 
V G TmM, we want to show that RicAr(f , v) > 0. Choose a smooth function 0, defined in 
a neighborhood of m, so that v = — (V0)(m), Hess (0)(m) is proportionate to g{m) and 

(7.28) 1^^^ = -(A0)(m). 
Consider the geodesic segment t — ^ exp„()f;t>). Then 

(7.29) Cr^(O)CUO) = -^^v^ 
and 

(7.30) C2-'(0)C^(0) = ^ Tr(iy'(0) ly-i(O)) = - Tr(i?(0)) 

Zn n 

= - - Tr(Hess(0)(m)) = - - (A0)(m). 
n n 



RICCI CURVATURE VIA OPTIMAL TRANSPORT 45 

Hence by construction, C^\0) C[{0) = C^^O) C^(0). From ((123), it follows that 

(7.31) NC-\0)C"{0) = (Ric - RicN){v,v) + n C^\0) C'^{0). 
As -R(O) is a multiple of the identity, (|7.16|) now implies that 

(7.32) NC~\0)C"{0) = - RicN{v,v). 

For small numbers €1,62 > 0, consider a smooth probability measure /iq with support in an 
ei-ball around m. Put fii = {F^^)^^q where Ft is defined by Ftiy) = expy(— t V0(2/)). If €2 

is small enough then is ^-concave. As /io is absolutely continuous, it follows that F^^ 
is the unique optimal transport between /xq and (F^J^/xo- As a consequence, /ij = {Ft^.^)^jiQ 
is the unique Wasserstein geodesic from /ig to /ii. Taking ei — >• and then €2 ^ 0, if H]^ i, 
is to satisfy (j3.16|) for all such /iq then we must have C"(0) < 0. Hence Ric7v(f,f) > 0. 
Since v was arbitrary, this shows that RIcat > 0. 

Now suppose that N = n and H^ i, is weakly a.c. displacement convex. Given m & M 
and V e TmM, we want to show that f \E' = and Ric(f , v) > 0. Choose a smooth function 
0, defined in a neighborhood of m, so that v = — (V(/>)(m), and Hess {(j)){m) is proportionate 

to g{m). We must again have C"(0) < 0, where now C{t) = e det "{dFt){y). By 

direct computation, 

/^ooN C"'(0) 1,^. ,,,,, , (t;*)2 2(t;*) (A0)(m) 

(7.33) ^ = - - (Ric + Hess(vl/))(.;,^) + ^ + • 

If f\E' 7^ then we can make C"(0) > by an appropriate choice of A0. Hence \l/ must 
be constant and then we must have Ric(f,f) > 0. 

Finally, if < n then ()7.25j) gives 
(7.34) 

AT — A-i = - (Ric + Hess(^))(t;,t;) + ^ — ^ - -77 + 



^(0) ' ^ ' ' N -n N \ N-n n 

One can always choose (A0)(m) to make C"(0) positive, so Hn^, cannot be weakly a.c. 
displacement convex. □ 

Proof of Theorem \7 . part (h). We first show (1) ^ (2). Suppose that RiCoo > Kg. 
Given /io,Aii G P2'^{M), we again use ()7.19|1 . with U E VCoo- Putting 

(7.35) C{y,t) = - ^{Ft{y)) + logdet(rfF,)(y), 
we have 

(7.36) = f e^(^'*) [/ (r/o(2/) e-^(^'*)) dvolM(y). 
As in the proof of (a), the condition RiCoo > K g implies that 

(7.37) ^ < -K\F;{y)\' = - K m\y), 
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where the last equahty comes from the constant speed of the geodesic t Ft{y)- By 
assumption, the map 

(7.38) \^r^,\y)e^U{Ti,{y)e-^) 

is nonincreasing and convex in A, with derivative — ^^^^^y^^^- It follows that the compo- 
sition 

(7.39) t v,\y) e^(^'*) U {vo{y) e'^^^'*)) 
is A(f/) I V0p(y)-convex in t. Then 

(7.40) e^(^'*) U {r]o{y) e-^^^'*)) < t e^^^'^) U (r/o(l/) e'^^^'^)) + 

(l_t)e^M)f/(r^o(y)e-^(^'°)) - 

^-X{u)m\y)vo{y)t{i-t). 

Integrating with respect to dvoUf (y) and using the fact that 

(7.41) W2{fio,f^i? = I |V0|2(2/)r/o(y) dvolM(y) 



JM 

shows that ()3.16p is satisfied with A = A(f/). The implication (1) ^ (2) now follows from 
Proposition I4.281 

The proof that (5) ^ (1) is similar to the proof in part (a). □ 

The case = 1 is slightly different because Hi y is not defined. However, the rest of 
Theorem 17. 31 a carries through. 

Theorem 7.42. a. The following are equivalent : 

(1) Rici > 0. 

(2) The measured length space {M^g^v) has nonnegative 1-Ricci curvature. 

(3) For all U G VCi, is weakly displacement convex on P2{M). 

(4) For all U G "DCi, is weakly a.c. displacement convex on P2'^{M). 

Proof. The proofs of (1) =^ (2) =^ (3) =^ (4) are as in the proof of Theorem l7.3l a. It remains 
to show that (4) =^ (1). Since T>Cn C VCi for all > 1, condition (4) implies that f/jy is 
weakly a.c. displacement convex on P^'^(M) for all U G VCn- So by Theorem 17.31 a. M 
satisfies RIca? > for all > 1. It follows that n < 1. If n = 0, i.e. M is a point, then 
Rici > holds automatically. If n = 1, i.e. M is a circle, then taking N ^ 1^ shows that 
Rici > 0, i.e. is constant. □ 

Remark 7.43. In the Riemannian case there is a unique Wasserstein geodesic joining 
/io, fii G P2^{M). Hence we could add two more equivalences to Theorem l7.3l Namely, a. (4) 
is equivalent to saying that for all U G VC]^, Uy is a.c. displacement convex on P2^{M), 
and b.(4) is equivalent to saying that for all U G "PCqo, is A(f/)-a.c. displacement convex 
on P^'iM). 
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Remark 7.44. Theorem 17. 31 also holds under weaker regularity assumptions. For example, if 
is a continuous function on Euclidean M" then (W^, dvolun) has oo-Ricci curvature 
bounded below by zero if and only if \E' is convex. 

7.2. Geometric corollaries. We have shown that our abstract notion of a lower Ricci 
curvature bound is stable under measured Gromov-Hausdorff convergence f Theorem I5.19|) 
and, in the Riemannian setting, coincides with a classical notion (Theorem 17. 3p . This 
subsection is devoted to various geometric applications. 

We first give a characterization of the smooth elements in the set of measured Gromov- 
Hausdorff limits of manifolds with Ricci curvature bounded below. 

Corollary 7.45. Let {B, qb) be a smooth compact connected Riemannian manifold, equipped 
with the Riemannian density dvol^, and let be a -regular function on B which is nor- 
malized by an additive constant so that (\mo\b is a probability measure on B. We have 
the following implications: 

(i) If {B, gB,e~^ dvolB) is a measured Gromov-Hausdorff limit of Riemannian manifolds 

with nonnegative Ricci curvature and dimension at most N then Ric7v(-B) > 0. 

(i') If [B, gB,e~^ (IvoIb) is a measured Gromov-Hausdorff limit of Riemannian manifolds 

with Ricci curvature bounded below by K eM. then RiCoo(-B) > K gs- 

(a) As a partial converse, z/ (-B, e~* dvols) has RicAr(-B) > with N > dim{B) + 2 

then (5, (7b, e~* dvolfi) is a measured Gromov-Hausdorff limit of Riemannian manifolds 

with nonnegative Ricci curvature and dimension at most N. 

(ii') // (_B, (yffi, e~* dvolfi) has RiCoo(-B) > K gB then (5, (yf^, e~* dvol^) is a measured 
Gromov-Hausdorff limit of Riemannian manifolds Mi with Ric(Mj) > [K — V) gMi- 

Proof. Parts (i) and (i') are a direct consequence of Theorems 15. llJl 17. 31 and 17.421 Part (ii) 
follows from the warped product construction of [313 Theorem 3.1]. The proof of (ii') is 
similar. □ 

Remark 7.46. In Corollary 17.45( 11'). if 7^ then one can use a rescaling argument 
to transform the condition Ric(M() > (^K — 4) gMi into the more stringent condition 
Ric(M,) > KgM,. 

The next two corollaries give some consequences of Corollarv l7.45l for the metric structure 
of smooth limit spaces, i.e. for the aspects of the limit metric-measure spaces that are 
independent of the measure. In general, one cannot change the conclusion of Corollary 
17.45( 1) to obtain a lower bound on Ric instead of RIcat. However, one does obtain such a 
lower bound in the noncollapsing case. 

Corollary 7.47. a. Suppose that {X, d) is a Gromov-Hausdorff limit of n-dimensional 
Riemannian manifolds with nonnegative Ricci curvature. If (X, d) has Hausdorff dimen- 
sion n, and uh is its normalized n-dimensional Hausdorff measure, then {X, d, uh) has 
nonnegative n-Ricci curvature. 

b. If in addition {X, d) happens to be a smooth n-dimensional Riemannian manifold {B, gB) 
then Ric(5) > 0. 
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Proof, a. If {Mi}°2^i is a sequence of n- dimensional Riemannian manifolds with nonneg- 
ative Ricci curvature and is a sequence of ej-approximations /j : Mj — > X, with 

limj^oo = 0, then limj^oo(/j)* dvoUf, = i^h in the weak-* topology [ini Theorem 5.9]. 
(This also shows that the n-dimensional Hausdorff measure on X can be normalized to be 
a probability measure.) Then part a. follows from Theorems 15.191 and 17.31 
b. If {X,d) = (BjQb) then = and the claim follows from Theorem \7.'6\ along 

with the definition of Ric,i. □ 

Remark 7.48. A special case of Corollarv l7.47l a is when (X, d) is an n-dimensional Gromov- 
Hausdorff limit of a sequence of n-dimensional Riemannian manifolds with nonnegative sec- 
tional curvature. In this case, (X, d) has nonnegative Alexandrov curvature and (X, d, uh) 
has nonnegative n-Ricci curvature. More generally, we expect that for an ra- dimensional 
compact length space (X, d) with Alexandrov curvature bounded below, equipped with the 
normalized n-dimensional Hausdorff measure vh-, 

1. If (X, d) has nonnegative Alexandrov curvature then (X, d, vh) has nonnegative tt,- Ricci 
curvature, and 

2. For n > 1, if (X, d) has Alexandrov curvature bounded below by then {X,d,UH) 
has cxD-Ricci curvature bounded below by K. 

It is possible that the proof of Theorem 17.31 can be adapted to show this. 

As mentioned above, in the collapsing case the lower bound in the conclusion of Corollary 
I7.45r i) (or Corollarv I7.45f i')) would generally fail if we replaced Ric^ (or RiCoo) by Ric. 
However, one does obtain a lower bound on the average scalar curvature of B. 

Corollary 7.49. // {B,gB,e-'^ dvob) is a smooth n-dimensional measured Gromov- 
Hausdorff limit of Riemannian manifolds ( of arbitrary dimension ), each with Ricci curva- 
ture hounded below by K eR, then the scalar curvature S of {B^qb) satisfies 

fa S dvol_B 

Proof. From Corollarv l7.45n ii). Ric(i?) + Hess (\I') > K qb- Tracing gives S + A\I' > uK. 
Integrating gives J^S dvol^ > uK vo\{B). □ 

Next, we show that for Riemannian manifolds, lower X-Ricci curvature bounds are 
preserved upon taking quotients by compact Lie group actions. 

Corollary 7.51. Let M be a compact connected Riemannian manifold. Let G be a compact 
Lie group that acts isometrically on M , preserving a function ^ G C°°(M) that satisfies 
Jj^^ e~* dvoUf = 1. Let p : M ^ M/G be the quotient map. 

a. For N G [l,C)o), if (M, e^* dvoU/) has Ricn > then {M / G,dM/G^P*{^~^ dvoU/)) 
has nonnegative N -Ricci curvature. 

b. If {M, e~* dvoU/) has RiCoo > K gM then {M/G, dM/G,P*{e~^ dvoUf)) has oo- Ricci 
curvature bounded below by K . 

Proof. This follows from Theorem 15.351 □ 
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Corollary 17.511 provides many examples of singular spaces with lower Ricci curvature 
bounds. Of course, the main case is when is constant. 

We conclude this section by giving a "synthetic" proof of a part of the Ricci O'Neill 
theorem of [201 Theorem 2]. 

Corollary 7.52. Let p : M ^ B be a Riemannian submersion of compact connected 
manifolds, with fibers Zi,. Choose N > dim(M) and'^M G C°°{M) with /^f e~**^ dvoUf = 
1; if N = dim(M) then we assume that is constant. Define £ C°°{B) by 
P* (e~**^ dvoUf) = e""^^ dvol^- Suppose that the fiber parallel transport of the Rie- 
mannian submersion preserves the fiberwise measures e~*^^ I „ dvol^ up to multiplicative 
constants. (That is, z/7 : [0, 1] ^ B is a smooth path in B, let : ^^{o) ^7(1) denote 
the fiber transport diffeomorphism. Then we assume that there is a constant > so 
that 

(7-53) P; (e-"«|,^^,, dvolz,,,) = C, e^^-]^^^^^ dvol.^^„^ . ) 

With these assumptions, 

a. //Ric^(M) > then Ric7v(5) > 0. 

b. For any K e^, z/RiCoo(M) > Kgu then RiCoo(5) > Kgs. 

Proof. Put Vm = 6"*^-^ dvoljv/ and Vb = e~*^ dvol^. We can decompose Vm with respect 
to p as a{h) i^B^b), with a{b) G P^'^(Zf,). From the assumptions, the family {(y{b)}h^B of 
vertical densities is invariant under fiber parallel transport. 

To prove part (a), let {fj,t}te[o,i] be a Wasserstein geodesic in P2'^{B). Define {/^t}te[o,i] in 
P2'^{M) by /ij = a{h)^t{p). By construction, the corresponding densities satisfy p[ = p*pt- 
Thus Hi^^iyj^j{fi^) = H^^iyj^^fit). Furthermore, {fJ''t}te[o,i] is a Wasserstein geodesic; if {Ft)t£[o,i] 
is an optimal Monge transport from /xq to fii then its horizontal lift is an optimal Monge 
transport from fiQ to fi[, with generating function (pM = P*4'b- From Theorem I7.3f a) 
and Remark 17.431 H^^^^ is a.c. displacement convex on P2'^{M). In particular, ()3.16|) is 
satisfied along {yu[}tg[o_i] with Ui, = H^ ^j^j and A = 0. Then the same equation is satisfied 
along {/it}tg[o,i] with = Hj^^^g and A = 0. Thus H^ ^j^ is a.c. displacement convex on 
P2%B). Theorem ESta) now implies that Riciv(5) > o'. 

The proof of part (b) is similar. □ 

Remark 7.54. In fact, for any G [I, 00] and any G M, if RicAr(M) > Kqm then 
Ric7v(-B) > Kqb- This was proven in [3fl Theorem 2] in the cases N = 00 and = dim(M) 
by explicit tensor calculations. (The paper writes RiCg for what we write as RIcat, where 
q = N — n.) The same method of proof works for all N. 

Remark 7.55. Suppose that M is a compact connected Riemannian manifold on which 
a compact Lie group G acts isometrically, with all orbits of the same orbit type. Put 
B = M/G. If e C°°(M) is a G-invariant function that satisfies X\,^e-*" dvo^f = 1, 
and [M, gM, e~'^'^' dvoUf) has RicAr(M) > 0, then Corollaries 17.511 and 17.521 overlap in 
saying that (5,(7^,6""^^ dvol^) has Kiciy{B) > 0. There is a similar statement when 
RiCoo(M) > Kqm. 
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Remark 7.56. There is an obvious analogy between the Ricci O'Neill theorem and O'Neill's 
theorem that sectional curvature is nondecreasing under pushforward by a Riemannian 
submersion. There is also a "synthetic" proof of O'Neill's theorem, obtained by horizontally 
lifting a geodesic hinge from B and using triangle comparison results, along with the fact 
that p is distance nonincreasing. 



Appendix A. The Wasserstein space as an Alexandrov space 



This section is concerned with the geometry of the Wasserstein space P2{M) of a Rie- 
mannian manifold M. Otto introduced a formal infinite-dimensional Riemannian metric 
on P2{M) and showed that P2(l^'^) formally has nonnegative sectional curvature We 
make such results rigorous by looking at P2{M) as an Alexandrov space. 

We first give a general lower bound on Wasserstein distances in terms of Lipschitz func- 
tions. We show that if M is a compact Riemannian manifold with nonnegative sectional 
curvature then P2{M) has nonnegative Alexandrov curvature. Using the above-mentioned 
lower bound on Wasserstein distances, we compute the tangent cones of P2{M) at the 
absolutely continuous measures. 

A.l. Lipschitz functions and optimal transport. In general, one can estimate Wasser- 
stein distances from above by choosing particular transference plans. The next lemma 
provides a way to estimate these distances from below by using Lipschitz functions. 

Lemma A.l. If X is a compact length space and {f^t}te[o.i] is a Wasserstein geodesic then 
for all f e Lip(X), 



(A.2) 



fdni - / fdfiQ 



X 



X 



< W^2(/io,/ii)' ^ (^jjVf\Ufi?j dt. 



Proof. By Proposition 12 . 1 Ol the Wasserstein geodesic arises as the displacement interpola- 
tion associated to some optimal dynamical transference plan 11. We have 

(A.3) 

[ fd^i^ - [ fdfio = [ /rf(ei)*n - [ /rf(eo)*n = / ((ei)7 - {eo)* f) dU 

Jx JX JX JX JT 

(/(7(1)) - /(7(0)))rfn(7). 



|V/|(7(t))L(7)dt 



< lj\vfMt))L{j)dtdU{^). 



As / o 7 G Lip([0, 1]), we have 

(A.4) 1/(7(1)) -/(7(0))| 
Then 





< 


f 


df{l{t)) 


dt < 


Jo dt 




Jo 


dt 


Jo 



(A.5) 



f dixi 



X 



f duo 



X 
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From the Cauchy-Schwarz inequahty, 



(A.6) 



f dfii - / f dfio 
X Jx 



1 r 



< / / |v/|%(t))rftrfn(7) / / L(7)^rftrfn(7) 

Jr Jo Jr Jo 

|v/r(7(t))rftrfn(7) / L(7)^rfn(7). 



We have W^2(yUo5 /Ui)^ = /r-^(7)^ '^n(7). To conclude the proof, we note that 



(A.7) / |V/|^(7(t))rfn(7) = / |V/|^(e,(7))rfn(7) = / |V/|^rf(e,).n = / \Vf\'d^^,. 

□ 

A. 2. The case of nonnegatively curved manifolds. 

Theorem A. 8. A smooth compact connected manifold M has nonnegative sectional cur- 
vature if and only if P2{M) has nonnegative Alexandrov curvature. 

Proof. Suppose that M has nonnegative sectional curvature. We first show that P^'^lM) 
has nonnegative Alexandrov curvature. Let /zq, /^i, and /i3 be points in P^'^(M) with 
/ij 7^ /io for 1 < i < 3. For 1 < i 7^ j < 3, let Z/Xj/Xo/^j denote the comparison angle 
at fiQ of the triangle formed by /x,, /iq and /ij jTH Definition 3.6.25]. For 1 < i < 3, let 
Ci : [0, 1] — > P2'^{M) be a Wasserstein geodesic from /xq to /Xj. Let be the corresponding 
^-concave function on M that generates Cj. That is, Ci{t) = (-Fi,t)*/XO) with Fj^((m) = 
exp^(-t V0i(m)). Then (/^o,Aii)^ = J;^.^ d{m, Fi^tim)^ dfio{m) = /^^^ |V0ip cZ/xq. 

Let us define a particular transference plan from /Xj to /Xj as a Monge transport Fj^ioF^^ . 
It gives an upper bound on W2{fii, fij)"^ by 



(A.9) W^2(/ii,/ii)' < / rf(Fi,i(m),F,,i(m))^rf/xo(m). 

J A/ 

For almost all m, the nonnegative curvature of M, applied to the hinge at m formed by 
the geodesic segments t —>■ Fi t{m) and t Fj^t{m), implies 

(A.IO) rf(F,,i(m),F,-i(m))2 < |V0,,(m)|2 + |V0,(m)|2 - 2 (V0,(m), V0,(m)). 
Integrating ()A.10|) with respect to /xq yields 



(A.ll) W2{^i^,|2,y < Vr2(/io,/ii) + H^2(/io,/ii) " 2 / ( V0i (m) , V0, (m) ) c//xo(m) . 



Thus ZfiifiQ^j < 9ij, where 9ij G [0, vr] is defined by 



(A. 12) cos ft 



It follows from the geometry of an inner product space that 

(A. 13) ^12 + ^23 + 031 < 27r. 
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Thus 

(A. 14) 2/ii/io/i2 + 2/i2/io/i3 + 2/i3/io/il < 27r, 

which imphes that P2^{M) has nonnegative Alexandrov curvature Proposition 10.1.1]. 

As P2{M) is the completion of P2''{M), the fact that (TOill can be written solely in 
terms of distances implies that it also holds for P2{M). Thus P2{M) has nonnegative 
Alexandrov curvature. 

Now suppose that P2{M) has nonnegative Alexandrov curvature. As the embedding 
M P2{M) by delta functions defines a totally geodesic subspace of P2{M), it follows that 
M has nonnegative Alexandrov curvature. Thus M has nonnegative sectional curvature. 

□ 

Remark A.15. The fact that P2{M) has nonnegative Alexandrov curvature ensures the 
existence and uniqueness of the gradient flow of a A-concave function on P2{M) j^Hl Ap- 
pendix]. (The conventions of [38 are such that the function increases along the flowlines of 
its gradient flow; some other authors have the convention that a function decreases along 
the flowlines of its gradient flow, and hence consider A-convex functions.) Other approaches 
to geometrizing P2{M), with a view toward defining gradient flows, appear in pi 1^1 114j. 

Now suppose that M has nonnegative sectional curvature. Let co,ci : [0, 1] P2{M) 
be nontrivial Wasserstein geodesies, with co(0) = ci(0) = /i. Theorem IA.8I implies that 
the comparison angle Zco(so)/iCi(si) is monotonically nonincreasing as Sq and Si increase, 
separately in sq and si Definition 4.3.1, Theorem 4.3.5 and Theorem 10.1.1]. Then 
there is a well-defined angle Z(co, ci) that cq and ci form at /x, in the sense of ^TJ Definition 
3.6.26], given by 

(A.16) ^(co,Ci) = lim 2co(so)/iCi(si). 

Proposition A. 17. Let co,ci : [0, 1] — * P2^{M) he nontrivial Wasserstein geodesies, with 
co(0) = ci(0) = /i. // 00 o,nd 0i are the ^-concave functions that generate cq and ci, 
respectively, then 



(A.18) cosZ(co,Ci) = — 

Proof. Applying ()A.12|) (and the sentence preceding it) to the triangle Aco(so)/iCi(si) gives 



(A. 19) cos Zco(so)/UCi(si) > 

and so 

(A.20) cosZ(co, ci) > 



/^,(V0o,V0i)rf/i 
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From the monotonicity of Zco(so)/iCi(si), it suffices to show that 

(A. 21) hm cosZco(s)/iCi(s) < — , :. 

This amounts to showing a lower bound on l^2(co(s), ci(s)). 

Let {fit s}tG[o 1] be a Wasserstein geodesic from Co(s) to Ci(s). From Lemma lA.H for any 
feC'iM), 

(A.22) ([ fdc,{s) - [ fdcois)) < W2{co{s),ci{s)y f I \V f\' dfit,s dt. 
\Jm Jm J Jo Jm 

In terms of the Monge transport maps Fot and Fi t, 
(A.23) 

/ fdc^is)- [ fdco{s)= [ fd{F,,,),fi- [ fd{Fo,s).fi= [ ((Fi,,)7-(Fo,,)7)ci/^. 
Jm Jm Jm Jm Jm 

Thus 

Since {/xt_s}tg[o,i] is minimizing between its endpoints, we must have 
(A.25) W2{fl,fit,s) < W2{fi,cois)) + W2{fi,ciis)) 

for all t G [0,1]. (Otherwise the length of {fit,s}te[o,i] would have to be greater than 
W2{fi, Co(s)) + W2{fi, Ci(s)). Then there would be a path from Co(s) to Ci(s) that is shorter 
than {fit,s}t£[o,i], obtained by going from Co(s) to fi along cq and then from /i to Ci(s) along 
ci.) If Tit^s is an optimal transference plan between /x and Ht,s then nt^sdt is a transference 
plan between and /if^s dt, showing that 

(A.26) ^^[fi, f^t,sd?j < ^ W2{fi,^t,s? dt < {W2{fi,co{s)) + W2{fi,ci{s)) f . 

Thus lim^^o Jo f^t,s dt = jj, m. the weak-* topology. As |V/p G C(M), taking s ^ in 
(IA.24j) gives 

(A.27) (£(v/,v^„ - v^,)<(,)' < (,tal5i(££(^£i(£»!) jjvju,. 

We claim that in fact ()A.27j) holds for any / G Lip(M). To see this, let e^^ be the heat 
operator on M. Given / G Lip(M), for any i; > 0, e^^/ G C^(M). It follows from spectral 
theory that lim^j^o Ve"^ / = V/ in the Hilbert space of square-integrable vector fields on 
M. Then lim^^o |Ve^^/f = | V/|^ in L^M, dvoW). There is a uniform bound on the 
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L^-norm of Ve^^/ = e^'^^df for v e [0, 1]. Writing /i = p dvoW with p e L^{M, dvoU/), 
for any G Z+ we have 

(A.28) 

/ |Ve^^/|% dvoW - / |V/|2pdvolM = 

[ (|Ve''^/|' - |V/p) p dvolM + / (|Ve''^/f - IV/^) p dvoW < 

AT II IVe'^^/f - |V/p 111 + (II Ve^^f \\l + \\ V/ ||L) / P dvoW • 

Jp-i((Ar,oo)) 

For any e > 0, by taking A^ large we can make (|| Ve""^/ ||^ + || V/ ||^) Jp-i^(^N^oo)) P'^^^^m 

less than e. Then by taking v small, we can make A^ || jVe"^/]^ — |V/p ||i less than e. 
It follows that 

(A.29) lim / |Ve"^/|' p dvoW = / iV/ppdvoW- 

By a similar argument, 

(A.30) lim / (Ve^^/, V0O - V0i> p dvoW = / ( V/, V0o - V0i) p dvoW • 
^^'^ Jm Jm 

Thus (OTTfll holds for /. 

In particular, taking f = (pQ — (pi in (IA.30jl gives 

(A.31) ,^ WMs)Ms)r ^ f _ 

Jm 

or 

(A.32) 



^0 s2 _g2 _g2 



2 W2{p,Co{s)) W2{p,ci{ s)) /m(V0o, V0i) rfp 



^JIM\'^M'dp J^,\V<Pi\'dp 

Equation ()A.18|1 follows. □ 

A. 3. Application to the geometric description of P2{M). Let us recall some facts 
about a finite-dimensional Alexandrov space Y with curvature bounded below [TT| IT^ . Let 
n be the dimension of Y. A point y G F is a regular point if its tangent cone is isometric 
to M". The complement of the regular points is the set S of singular points. The regular 
points Y — S form a dense totally convex subset of Y, but need not be open or closed in 
Y; see p. 632-633] for simple but relevant examples. The existence of a Riemannian 
metric on Y was studied in [SSllSllEZl- We recall the results of ^7\: There is a dense open 
totally convex subset Y^ ofY, containing Y — S, which is a topological manifold with DC 
(=difference of concave) transition maps; there is a Riemannian metric g on Y^ which in 
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local charts is bounded, measurable and of bounded variation, with the restriction of g to 
Y — S being continuous; the Christoffel symbols exist as measures in local charts on Y^; 
the lengths of curves inY — S can be computed using g. 

There is an evident analogy between Y — S (Z Y and P2^(M) C P2{M). The arguments 
of the above papers do not directly extend to infinite-dimensional Alexandrov spaces. 
Nevertheless, in order to make a zeroth order approximation to a Riemannian geometry on 
P2{M), it makes sense to look at the tangent cones. We recall that for a finite-dimensional 
Riemannian manifold, the tangent cone at a point p is isometric to TpM equipped with 
the inner product coming from the Riemannian metric at p. 

Proposition A. 33. Let M be a smooth compact connected Riemannian manifold. If M has 
nonnegative sectional curvature then for each absolutely continuous measure fi G P2'^{M), 
the tangent cone of P2{M) at fj, is an inner product space. 

Proof. Given /i e P2'^{M), we consider the space of equivalence classes of geodesic 
segments emanating from n, with the equivalence relation identifying two segments if they 
form a zero angle at /i p!Tl Section 9.1.8] (which in the case of curvature bounded below 
means that one segment is contained in the other). The metric on T,'^ is the angle. By 
definition, the space of directions is the metric completion of S^. The tangent cone 
is the union of x ]R+ and a "vertex" point, with the metric described in Section 
10.9]. 

We first note that any Wasserstein geodesic {fit}t<^[o,i] emanating from /i is of the form 
fit = {Ft)4,fi, with Ft as in Subsection 12.41 44, Theorem 2.47]. It follows that we can apply 
the angle calculation in Proposition lA.lTl to all Wasserstein geodesies emanating from /i. 
(One can also use the fact that any such Wasserstein geodesic {fit}te[o,i] has /it G P2^{M) 
for t G [0, 1) Lemma 22]; see [ill Proposition 5.9(iii)] for the M^-case.) 

Now to identify S^, consider the space S of Lipschitz functions on M that are rd"^- 
concave for some r > 0. In terms of the function 0, we can identify the geodesic segments 
from /i with S' = iS/M, where M acts additively on S. There is an action of on S' 
by multiplication. As the angle between geodesic segments is given by ()A.18|) . we can 
identify with the corresponding quotient of the space of Lipschitz functions on M that 
are rd^-concave for some r > 0. 

We can approximate a Lipschitz function on M with respect to the quadratic form 
Q{4>) = J^j |V0p dfi by functions that are rd^-concave for various r > 0, for example by 
flowing the Lipschitz function for a short time under the heat equation on M. Hence when 
considering the metric completion of S^, it doesn't matter whether we start with Lipschitz 
functions on M that are rrf^-concave for some r > or arbitrary Lipschitz functions on 
M. It follows that Kfj, is the inner product space constructed by starting with Lip(M), 
quotienting by the kernel of Q and taking the metric completion with respect to Q. □ 

The tangent cone constructed in Proposition lA.33] agrees with the formal infinite-dimensional 
Riemannian metric on P2{M) considered by Otto [35J. Proposition IA.331 can be considered 
as a way of making this formal Riemannian metric rigorous, and Theorem lA. 81 as a rigorous 
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version of Otto's formal argument that his Riemannian metric on P2(IK") has nonnegative 
sectional curvature. 

Appendix B. Some properties of the functionals U^, 

The goal of this section is to gather several results about functionals of the form Uu, as 
defined in Definition l3.2l (We will generalize slightly to allow X to be a compact HausdorfT 
space, but the same definition makes sense.) 

We show that U^ifi) is lower semi continuous in fi and u. Such a lower semi continuity in 
fi is well known in the setting of the weak topology on functions, but we need to prove 
it in the weak-* topology on Borel measures. To do so, we derive a Legendre-type formula 
for Uy{ix)\ this Legendre formula is also well-known in certain cases, e.g. f/(r) = rlogr, 
but it is not so easy to find a precise reference for general nonlinearities. 

We will also show that Ui^{fi) is nonincreasing under pushforward. 

For notation, if ?7 is a convex function then U* is its Legendre transform and U' is its 
right-derivative. 

B.l. The functional Ui, via Legendre transform. We start by recalling, without proof, 
a consequence of Lusin's theorem. 

Theorem B.l. Let X be a compact Hausdorff space. Let ^ be a Borel probability measure 
on X . Then for all f G L°°{X) there is a sequence {fk}'kLi of continuous functions on X 
such that 

(i) inf / < inf fk < sup fk < sup / and 

(a) limfc^oo fk{x) = f{x) for ^-almost all x & X . 

We now prove a useful Legendre-type representation formula. 

Theorem B.2. Let X be a compact Hausdorff space. Let U : [0, oo) M 6e a continuous 
convex function with f/(0) = 0. Given G P{X), we have 

(B.3) t/^(/x) = sup jy ifdii- j U\ip)du : <^ e {X) , ^ < U' (oo) 

= sup sup I / (fdn- / U*{(f)du : e C(X), if < U\M) 

MGZ+ yJx Jx 

Remark B.4. The reason to add the condition ip < U'{M) is to ensure that U*{(f)) is 
continuous on X. This will be used in the proof of Theorem IB. 33r i). 

Proof of Theorem \B.^ As an initial reduction, if t/'(0) = U'{oo) then U is linear and 
the result of the theorem is easy to check. If U'{0) < U'{oo), choose c G {U'{0), f/'(oo)). 
Replacing U{r) by U{r) — or, we can reduce to the case when U'{0) < and f/'(oo) > 0. 

Let /i = pz/ + /is be the Lebesgue decomposition of /i with respect to u. Let S" be a 
measurable set such that fis{S) = Hsi^X) and v^S) = 0. Without loss of generality, we may 
assume that p < oo everywhere on X — S*, and we set p = oo on S. 



RICCI CURVATURE VIA OPTIMAL TRANSPORT 57 

We will prove that 

(B.5) U^ifx) >snp!^j ifidfx- j U*{ifi)du : e L~(X), < f/'(cx))| 

and 
(B.6) 

UM< sup sup(/ ^dfi- [ U\^)dv : ^eC{X),U' <^<U'{M)\ . 

MGZ+ VJx JX ) 

As the right-hand-side of ()B.6j) is clearly less than or equal to the right-hand-side of ()B.5jl . 
this will imply that 

(B.7) 

f/^(/i) = sup jy ^dfi- j U*{^)du : e L°°(X), < f/'(oo)| 

= sup supl / ifidfi- [ U*{ip)du : ipeC{X), U' ( ^) <^ < U'{M) 
Mez+ Ux Jx \M J 



which in turn implies the theorem. 

The proof of ()B.5|1 is obtained by a direct argument : for any ip G L°°{X) with ip < 
U'(oo), we will show that 



[B.8) f/^(/i) > / ^dfx- [ U*{ip)du. 

Jx Jx 



We may assume that U{p) G L^{X,i'), as otherwise there is nothing to prove. For all 
X G X, we have 

(B.9) f/(p(x)) - ipix)pix) > -U*iifix)). 

Also, (fp G L^{X, v). Integrating ()B.9|) with respect to v gives 



(B.IO) / U{p)du - / ippdu > - U*{ip)du. 

Jx Jx Jx 

On the other hand, since (f < U'{oo), we also have 

(B.ll) f/'(cx))/i,(X) > / ipdps- 

Jx 

Adding (lRlO|) and (IrTT| gives (iRSj) . 



To prove ()B.6|1 . it suffices to show the existence of a sequence {^m}m=i ^(^) such 
that 



(B.12) 



'u'{j^)<^M<U'iM) and 
Uu{p) < hminfAf-»oo {Jx dp - U*{ipm) dv) . 
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For M > 1, we define 
(B.13) pM = max (^-^,mm{p, M)^ . 

It is clear that 

(i) < PM < M- 

(ii) for all x e X, liniAf^oo Pm (a;) = p{x); 

(iii) if < p{x) < oo then Pm{x) = p{x) for M large enough. 

Choose e > so that U is nonincreasing on [0, e) and nondecreasing on [e, oo). Monotone 
convergence implies that 

(B.14) [ U{p)dv= lim f U{pM)dv 



and 



(B.15) / U{p)du= lim / U{pM)du. 



Hence 



B.16) / U{p)dv= lim / U{pM)du. 



Define now a function yj^^ : X ^ M by 
(B.17) = U\pm). 

Since U' is nondecreasing, we have 

(B.18) ^'{jd) ^^M<U'{M). 

We also have the pointwise equality 

(B.19) U{pM)=^MPM-U*{ipM). 

All of the functions appearing in this identity are integrable with respect to z/, so 



(B.20) / U{pM)du= / ifMpudu- / U*{ipM)diy. 

Jx Jx Jx 

Our first goal is to prove that 
(B.21) UM < liminf (^J " ^ U*{^m) ■ 

If this is true then we have shown that the sequence {^m}m=i satisfies all of the properties 
required in ()B.12|) . except maybe continuity. We split ()B.21|) into two parts : 

(B.22) [/'(oo)/i,(X) = lim / ^Md^^s 
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(B.23) 

To prove ()B.22j) . we write 
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U (p) du < lim inf 

M^oo 



X 



X 



(B.24) 



X 



lfi,,dfxs = U'{M)^is{S) = f/'(M)/i,(X) f/'(cx))/i,(X). 



To prove ()B.23|) . we note that for large M, 
(B.25) f/'(pA/)(pA/-p) <0. 

Indeed, if 1/M < p < M then pm = p; if p > M then p > pm and U\pm) > 0; while if 
p < 1/M then p < pm and U\pm) < 0. Thus 

(B.26) 



X 



X 



Combining this with ()B.16|) and ()B.20|) . we find 



(B.27) 



U{p) dv 



X 



lim 



lim 

M^oo 



< lim inf 



X 



U{pm) dv 
Pm dv 
Vhipd^- 



X 



X 



X 



U*{^M)dv 



X 



This proves ()B.21|) . To conclude the proof of the theorem, it suffices to show that for 
any M G Z"*" there is a continuous function (pM such that U'{l/M) < ifM < U'{M) and 

(B.28) ( I VMdfi- I U%^M)dv]-[ I ^Mdp- I U*{^^j)dv\ < ^ 



X 



X 



X 



X 



M 



Fix M. By Theorem IB.ll there is a sequence {tlJk}'kLi of continuous functions such 
that f/'(l/M) < inf^^^ < iniipk < sup-j/'fc < sup^^^ < U'{M) (in particular {%lJk}'^^i is 
uniformly bounded) and limfc^oo V'fcl^^) = VaA^) (p + '^)-almost everywhere. 

At this point we note that 

(B.29) U*{p) = sup[pr - f/(r)] 

r>0 

is bounded below by — f/ (0) = and is a nondecreasing function of p. Also, 

(B.30) < U*{U'{1/M)) < U*{U\M)) = MU\M) - U{M) < oo. 

Thus U* is bounded on [U'{l/M), U'{M)]. Since it is also lower semicontinuous and convex, 
it follows that it is actually continuous on that interval. So {U* {ipk)}kLi converges i/-almost 
everywhere to U*{Tpj^j). By dominated convergence. 



(B.31) 



lim 



U*iiJk)dv 



X 



U*{^j,j)dv. 



X 
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Also by dominated convergence, 

(B.32) lim / ipf^d/j = / ^m^I^- 



fc— >oo 



X J X 



We can conclude by choosing ipM = "ipk for some large k. □ 

B.2. Lower semicontinuity and contraction. The following theorem is an easy conse- 
quence of the duality formulas established above. 



Theorem B.33. Let X and U satisfy the assumptions of Theorem \B . SI Then 

(i) Uy{ix) is a lower semicontinuous function of (/i, z^) G P{X) x P{X). That is, if 
{lik}'kLi (I'lT'd {i^k}kLi ore sequences in P{X) with limfe_»oo/^fc = and limfc^oo t'fc = v in 
the weak-* topology then 

(B.34) UM <\lm■m^U,^{^lk). 

(a) Ui,{ii) is nonincreasing under pushforward. That is, ifY is a compact Hausdorff 
space and f : X —>■ Y is a Borel map then 

(B.35) UfM^fi) < UM. 

Proof. Using the second representation formula in Theorem IB.2[ we can write 
(B.36) UM= sup [Li(/i) + L2(z/)], 

(Li,L2)e£ 

where £ is a certain subset of C{X) Q)C{X), and Li and L2 define continuous linear func- 
tionals on the space of measures C{X)*. As the supremum of a set of lower semicontinuous 
functions (in particular linear functions) is lower semicontinuous, it follows that 11^ is lower 
semicontinuous in (/i, u). 

To prove part (ii), we use the first representation formula in Theorem IB. 21 to obtain 
(B.37) UfAM = {/. ^(^*'") - /. ^(^*'')' e L°°(y), < f/'(oo) 

= sup |^(<^ o /) d/i - ^ f/*(^ o /) du; <^ G L°°(r), <^ < f/'(oo) | . 

If if e L°°(y) and cp < U'{oo) then ^ o / g L°°(X) and o / < U'{oo). So the above 
supremum is bounded above by 

(B.38) f/^(^)=sup|y" ijdfi-j U*{ij)du; G L°°(X), < f/'(oo)| . 

□ 
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Appendix C. Approximation in P2{X) 

In this section we show how to effectively approximate a measure fi G P2{X,h') by 
measures whose densities, with respect to u, are continuous. The approximation 

will be such that limfc^oo/^fc = /i in the weak-* topology and lim^^oo ^i/(/^fc) = Uyi^n). 

We first construct a mollification operator on measures, in terms of a partition of unity 
for X. We then use finer and finer partitions of unity to construct the sequence {^k}'k'=i- 

C.l. Mollifiers. Let (X, d, v) be a compact metric space equipped with a reference Borel 
probability measure v. Let K : X^X [0, oo) be a symmetric continuous kernel satisfying 



(C.l) Vx G supp(z/), / K{x,y) du{y) = 1. 

Jx 

For p G L\X, z/), define Kp G C(X) by 

(C.2) iKp)ix)= [ K{x,y)p{y)du{y). 

Jx 

Note that Kp dv = p dv and the map p lsupp{i/) -^P is a bounded operator 
on L^{X,u) with norm 1. For p G P2(-^, define K/i G P2(-^, ^) by saying that for 
/ G (:7(supp(z/)), 

(C.3) I fd{Kp) = I {Kf)dp. 

«'supp(i') Jx 

More explicitly, 

(C.4) Kp = (^j^Ki;y)dp{y)^ v. 

In particular, Kp G P^^iX^ v) is the product of a continuous function on X with v. The 
notation is consistent, in the sense that if p G L^iX^ v) then Ki^pdv) = K{p)dv. Moreover, 
taking / = 1 in ()C.3|) . it follows that if /i is a probability measure then Kp is a probability 
measure. 



Theorem C.5. Let (X, d) he a compact metric space equipped with a reference Borel prob- 
ability measure v. Then there is a sequence \Ki\f^Y ^/ continuous nonnegative kernels 
with the following properties : 
(i)yx,yeX, Kj{x,y) = Kj{y,x). 
(a) Wx G supp(z/), Kj{x, y) du^y) = 1. 

(Hi) There is a sequence {ei}f^^ converging to zero so that Kj{x,y) = whenever d{x,y) > 
e/- 

(iv) For all p G P2{X, v), lim/^oo Kip = p in the weak-* topology. 
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Proof. Let C = {Uj} be a finite open cover of X. Let be a subordinate partition of 
unity. Put 

(C.6) Kc(..y)= Y: ^Pt^- 

Then Kc{x,y) = Kc{y,x). If x G supp(z/) and (pj{x) > then J^(pj dv > 0, so 
Kc{x,y) dviy) = 1. Properties (i) and (ii) are ensured if our sequence is made of 
such kernels. Moreover, (iii) will be satisfied if each (pj has support in a small ball of radius 
ei/2. 

Given 6 > 0, let Cs denote a finite cover of X by 5-balls. Given / G C(supp(z/)) and 
e > 0, suppose that 5 > is such that \f{x') — f{x)\ < e whenever x',x G supp(z/) satisfy 
d{x',x) < 26. With such a cover Cs, if x G supp(z/) has > then 

(' f(t>i dv 

(C.7) 44rV - ^(^) ^ 

As 
and 

(C.9) /(x) = = 5^ 0,(a:)/(x), 

it follows that 

(CIO) \{KcJ){x) - f{x)\ < e. 

Thus lim/^oo -f^Ci/j/ = / in C(supp(i/)). 

Now put Kj = Kc^^j. For any / G C(supp(z/)), we have 



(C.ll) lim / f dKI^i = lim / iKjf)dfi = f dfi. 

Jx Jx Jx 

This proves (iv). □ 
C.2. Approximation by continuous densities. 

Theorem C.12. Let U be a continuous convex function on [0, oo) with U{0) = 0. 
Let {X, d) he a compact metric space equipped with a Borel probability measure u. Let 
fi G P2{X,h') satisfy Uy{n) < oo. Then there is a sequence {fk}^^! C{X) such that 
limfc^oo /fc'^ = in the weak-* topology and limk^ooUuifk^) = Uu{jji). 

Proof. We introduce an sequence of mollifying kernels Kj as above. We will prove that 
{Kin}YLi does the job. Each Kin is the product of a continuous function on X with 
V. Theorem ICSf iv) gives that Ymvi^ooKj^ = /x. By Theorem IB.SSf i). Uy{^) < 
\immii^ooUu{Kifi). Hence it suffices to show that Uu{Kjfi) < U^ifi) for all /. 
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Before giving the general proof, it might be enhghtening to first consider two "extreme" 
cases. 

First particular case: is absolutely continuous. Assume that fi = pv. We write 
Kifj,{x) for the density of Kjfi with respect to u. By Jensen's inequality, for x G supp(z/), 

(C.13) U{Kifi{x)) = uQ^ Kj{x, y) p{y) dp{y)^ < Kj{x, y) U{p{y)) du{y). 

It follows that 

(C.14) U^{Kip)= I U{Kip{x))dv{x) < I U{p)du. 

J X Jx 

Second particular case: p is completely singular. With the notation used before, 
p = ps- We write Kips{x) for the density of Kjps with respect to z/. Then 

(C.15) / U{{Kip,){x))du{x) <U'{oo) [ {Kips){x) du{x) = U'{oo)p,{X). 

Jx Jx 

General case: Now we introduce the Lebesgue decomposition p = pv -\- pg. In view 
of the first particular case above, we may assume that Ps{X) > 0. If U'{oo) = oo then 
Uu{p) = oo, so we can restrict to the case [/'(oo) < oo. 

We write Kip{x) for the density of Kjp with respect to z/, and similarly for Kjps{x). 
For all 6 G (0, 1), there is a pointwise inequality 

(C.16) u{Kjp) = u{Kjp + Kjps) < eu(^) + {i-e)u^^'^' 



9 



Then 
(C.17) 



U^{Kip) = j U{Kip{x)) du{x) < ^ j U {^J^ dp + f/'(oo) j Kip,{x) du{x) 

= ^ J^^{^) + U'{oo)ps{X). 

As Kip G C(X), 

(C.18) lim (e [ U ( ^ ) du] = [ U{Kip) du. 



X \ ^ / J JX 



As in the proof of the first particular case, 

(C.19) \ U{Kip) du < [ U{p) dv. 

Jx Jx 

Combining (fTTTTjl . (fTTTsIl and (fTTTQll gives U^{Kip) < UM- □ 
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Appendix D. Hessian calculations 

How can one check, in practice, the displacement convexity of a given functional on 
P2{X), say in the case when X is a smooth compact connected Riemannian manifold M? 
We provide below some explicit computations to that effect, following j^n]. The computa- 
tions are purely formal and we do not rigorously justify them, ignoring all regularity issues. 
Although formal, these computations motivate the definition of nonnegative X-Ricci cur- 
vature in terms of displacement convexity. 

Denote by dvoUf the Riemannian density on M, and introduce a reference measure 

(D.l) du = e~* dvolM, 

with ^ G C°°(M) satisfying /^^e"* dvoU/ = 1. 

The direction vector along a curve {fit} in the space of probability measures P{M) can 
be "represented" as 

(D.2) ^ = -V-(/xV«l>), 

where $ = is a function on M that is defined up to constants. The meaning of ()D.2|) 
is that 

(D.3) I [ ^dfi = [ Ve-V$c?/i 

"J Jm Jm 

for all ^ G C°°(M). Thus we can parametrize the tangent space T^P{M) by the function 
$. Otto's formal inner product on T^P{M) is given by the quadratic form J^^(V$, V$) dfi. 
With this Riemannian metric, the geodesic equation in P{M) becomes 

(D.4) dt<l> + i |V$P = 0. 

It has the solution 

d{x,yy 



(D.5) = inf 



2t 



The corresponding length metric on P[M) is formally the Wasserstein metric. 

Let f/ be a continuous convex function on [0, oo) that is C^-regular on (0, oo). Put 

(D.6) E{fi) = [ U (^] du. 



M 



du 



Recall that 

(D.7) p{r) = rU\r) — U{r), P2{f') = rp' (r) — p{r) . 
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(D.8) 



dE 
Itt 



M 



M 



M 



U' { ^1 9,^ d. 
\du J du 

VU' (^^^ ■ dfi 

V^-(^U"(^) V^^l du 

ydu \dy J du 

V$ . Vp f ^] du 



M 



M 



dv 



A$ + ■ V<l>) p 



dfi 
dv 



dv. 



Parametrizing T^P{M) by {$}, equation ()D.8|) shows in particular that gradi? is repre- 
sented by the function U' (^). 

To compute the Hessian of E, we assume that {iit} is a geodesic curve in P2{M). Then 



(D.9) 



d'^E 
dt^ 



M 



A ( -|V$| 



V^. V ( -|V$| 



+ V (- A$ + ■ V$) p' 



dfi 
dv 



■ y^d^i. 
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Now 



(D.IO) 



M 



M 



A$ + • V$) p' 



dv 



dv 



dfi 



dv 



L ^- + • ^' (I) (- ^ ■ (^^ + • t) = 

Jm V"^/ dv 

J (- A$ + V* • V$) V$ • Vp (^^^ di/ = 



A$ + V* • v$) p' 



2 , f dn\ dn 



M 



dv I dv 



dv + 



M 



I [V (- A$ + • V$) • V$ + (- A$ + • V$) • A$ - 
V* • (- A$ + ■ V$) V$] p (ii/ = 

\dv J dv 

J [V (- A$ + V* • V$) • V$ - (- A$ + V* • V$)^ ] p (^^^ dv. 



RICCI CURVATURE VIA OPTIMAL TRANSPORT 
Combining ()D.9|) and ()D.10|) gives 
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(D.ii: 



M L 



AI^IV*! 



v^. V ( ^iv^p 1 + 



V(- A<l> + ■ V$) ■ V$ 

\2 



(- A<l> + ■ V<l>)^ 
/ (-A<|. + V^-V^fp'f^] ^du 
j [\ Hess $1^ + V$ ■ (Ric + Hess ^)V$] p dv + 



M 



P 



dfi 
dv 



+ p 



, f dfi\ dfi 



dv j dv 

v + 



dv 



j [\ Hess + ■ (Ric + Hess *)V$] p (^^^ d. 
(- A$ + ■ V^f P2 (^^^ dv. 



In particular, if [/ G VCn with n < N then from Lemma f5.7f b). 



(D.12) 

d'^E 



dt^ 



> 



> 



> 



M 



M 



M 



M 



Hess $p + V$ ■ (Ric + Hess ^)V$ - 



N 



P 



- (A$)2 + ■ (Ric + Hess ^)V$ - ^ (- A$ + ■ V*)^ 

n N 



P 



dfi 
dv 

dfi 

dv 



dv 
dv 



V$ ■ (Ric + Hess ^)V$ 



V$ ■ Ric + Hess ^ 



1 



N -n 



1 



N -n 



^ [V'l' ■ Ric^(V$)] p (^^^ dv. 



The same conclusion applies if = n and V\l/ = 0, in which case Ric^r = Ric. 
If Ricjv > -ft' (/Af then 



(D.13) 



d'^E 
IF 



> K |V$ 



M 



dv 



dfi. 



If = then ()D.13|) gives > 0. That is, E is formally convex on P2{M), no matter 
what the value of is. 
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If = oo then (lirT3|) gives 
(D.14) ^ > (mk^) I \V<^\' dfi = X{U) I \V<^\'dfi. 



As fj^j |V$p dfi is the square of the speed of the geodesic, it follows that E is formally 
A(t/)-convex on P2{M). 

Appendix E. The noncompact case 

In the preceding part of the paper we worked with compact spaces X. We now discuss 
how to adapt our arguments to (possibly noncompact) pointed metric spaces. To avoid 
expanding the size of this section too much, we sometimes simplify the proofs by slightly 
restricting the generality of the discussion, and we give details mainly for the case of 
nonnegative A^-Ricci curvature with N < oo. 

E.l. Pointed spaces. In this section we will always assume our metric spaces have dis- 
tinguished basepoints. In other words, the objects under study will be complete pointed 
metric spaces, which are pairs (X, -k) where X is a complete metric space and -k & X. A map 
/ between pointed spaces (Xi, *i) and (X2, ^2) is said to be a pointed map if = /(*2)- 
In this setting, the analog of Gromov-Hausdorff convergence is the following: 

Definition E.l. Let {(Xj, T*rj)}^-^ be a sequence of complete pointed metric spaces. It 
converges to a complete pointed metric space (X, -k) in the pointed Gromov-Hausdorff 
topology, by means of pointed approximations fi : Xi ^ X, if for every R > there 
is a sequence of positive numbers converging to zero so that 

1. For all Xi,yi e Bul-ki), we have \dx{fi{xi), fi{yi)) - dx,{xi,yi)\ < tR^i. 

2. For all x G B^ii^), there is some Xi G B^l-ki) so that dx{fi{xi),x) < e^^i. 

A more usual definition would involve approximations defined just on balls in Xj, instead 
of all of Xj. It is convenient for us to assume that fi is defined on all of Xj, as will be 
seen when defining maps between Wasserstein spaces. The notions of convergence are 
equivalent. 

Next, a pointed metric-measure space is a complete pointed metric space (X, -k) equipped 
with a nonnegative nonzero Radon measure v. We do not assume that v has finite mass. In 
this context, a pointed map / : Xi — >■ X2 will be assumed to be Borel, with the preimage of 
a compact set being precompact. (This ensures that the pushforward of a Radon measure 
is a Radon measure.) 

Definition E.2. Let {(Xj, T^rj, z/j)}^]^ be a sequence of complete pointed locally compact 
metric-measure spaces. It is said to converge to a complete pointed locally compact metric- 
measure space (X, -k, p) in the pointed measured Gromov-Hausdorff topology z/{(Xj, *i)}^i 
converges to (X, -k) in the pointed Gromov-Hausdorff topology by means of pointed approx- 
imations fi'.Xi^X which additionally satisfy limj^oo(/i)*'^j = v in the weak-* topology 
on Ce(X)*. 

The pointed measured Gromov-Hausdorff topology was used, for example, in (TH]. In 
what follows we will examine its compatibility with the Wasserstein space. 
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E.2. Wasserstein space. If X is a complete pointed metric space, possibly noncompact, 
let P2{X) be the space of probability measures fi onX with a finite second moment, namely 



(E.3) 



P2W = |AieP(X) : j d{i<,xf dii{x) < ooj 



One can still introduce the Wasserstein distance W2 by the same formula as in ()1.14|1 . Then 
W2 is a well-defined metric on P2{X) jlH Theorem 7.3]. The metric space {P2{X)^W2) 
will be called the 2- Wasserstein space associated to X. It does not depend on the choice 
of basepoint -k & X. 

We will assume that X is a complete separable metric space, in which case P2{X) is also 
a complete separable metric space. Put 

(E.4) (1 + .f) C,{X) = {fe C{X) : sup , yj,""^' < ooj . 

Then (1 + d{'k, ■)^) Cb(X) is a Banach space with norm 
(E.5) 11/11= sup 

and the underlying topological vector space is independent of the choice of basepoint -k. 
The dual space ((1 + ■)^) Ci,{X))* contains P2{,X) as a subset. As such, P2{,X) inherits 
a subspace topology from the weak-* topology on ((1 + dik^ ■)^) Cb{X))* , which turns out 
to coincide with the topology on P2{X) arising from the metric W2 Theorem 7.12]. (If 
X is noncompact then P2{X) is not a closed subset of ((1 + d{i<, •)^) Cf,(X))*.) A subset 
S C P2{X) is relatively compact if and only if it satisfies the "tightness" condition that 
for every e > 0, there is some i? > so that for all fi E S, jx-Bf.{*) ^i'^^^Y dfi{x) < e 
Theorem 7.12(ii)]. Applying this to a ball in P2{X) around 6^,, it follows that if X 
is noncompact then P2{X) is not locally compact, while if X is compact then P2{X) is 
compact. 

If X is a complete locally compact length space then for all A; > 0, Lip^([0, 1], X) is 
locally compact, with the set of geodesic paths between any two given points in X forming 
a compact subset. Then the proof of Proposition 12.61 carries through to show that P2{X) 
is a length space. Finally, if X is pointed then there is a distinguished basepoint in P2{X), 
namely the Dirac mass 6^,. 

The next proposition is an extension of Proposition 12.101 

Proposition E.G. Let (X, t^t) be a complete pointed locally compact length space and let 
{fJ't}te[o,i] be a geodesic path in P2{X). Then there exists some optimal dynamical trans- 
ference plan n such that {fJ't}te[o,i] is the displacement interpolation associated to U. 

Proof. We can go through the proof of Proposition 12. lOl constructing the probability mea- 
sures R^^^ with support on the locally compact space P. For each i, we have (eo)*-R''*'' = /io 
and (ei)*/?'-*-' = fxi. In order to construct a weak-* accumulation point R^°°\ as a proba- 
bility measure on P, it suffices to show that for each e > there is a compact set C P 
so that for all i, R^'^T - K) < e. 
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Let E : T ^ X x X he the endpoints map. Given r > 0, put K = E ^[Br{-k) x Br{-k))^ 
a compact subset of F. As 

(E.7) T-K = E-^ (^{{X- BA^) X X) U (X X (X - BA^))'^ , 

we have 

(E.8) i?«(r -K) < {E,R^'^){{X -BA^) X X) + (E,i?»)(X x {X -^A^)) 



/io(X-5,W) + /ii(X-5,,W). 



Taking r sufficiently large, we can ensure that ij,o{X — Br{-k)) + jj,i{X — i?r(*)) < e- CH 



Using Proposition IE. 61 we show that geodesies with endpoints in a given compact subset 
of P2{X) will all lie in a compact subset of P2{X). 

Proposition E.9. For any compact set K C P2{X), there is a compact set K' C P2{X) 
with the property that for any /icyUi ^ K, if {fit}te[o,i] is a Wasserstein geodesic from fiQ 
to 111 then fit £ K' for all t G [0, 1]. 

Proof. Given /io,yUi G let {iit}te[Q,i] be a Wasserstein geodesic from /xq to /ii. Then 
(E.IO) 



where 11 comes from Proposition IE. 61 We break up the integral in the last term of ()E.10|) 
into two pieces according to whether (i(7ir, 7(0)) < (i(7^r, 7(1)) or (i(T*r, 7(1)) < d{-k,'j(0)). If 
c?(^,7(0)) < d{^,^{l)) then 

(E.ll) d{^,-f{t)) < ^^7(0)) + rf(7(0),7W) < d{^,'y{0)) + ^(7(0), 7(1)) 

< 2rf(*,7(0)) + d(*,7(l)) < 3d(*,7(l)). 

Then the contribution to the last term of (j3.1ip . when d{-k,'j{0)) < d{-k,'y(l)), is bounded 
above by 

(E.12) 9 / rf(*,7(l))'l,(,,,(i))>4f/n(7) = 9 / d{^,xYd^i^{x). 

Adding the contribution when d{'k,'y(l)) < d{-k,'y(0)) gives 



(E.13) / (i(7ir,x) dfitix) <9 / (i(7^r,x) (i/io(x)+9 / (i(7ic,x) dji^x). 

ix-BflW Jx-Br/2{*) Jx-Bji^2{*) 

For any e > we can choose i? > so that the right-hand-side of ()E.13|) is bounded above 
by e, uniformly in fio, fii G K. This proves the proposition. □ 
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Remark E.14. Although we will consider optimal transport between elements of P2{X), 
there are also interesting issues concerning "optimal transport" in a generalized sense, with 
possibly infinite cost, on the whole of P{X). For example, one has McCann's theorem about 
existence of "generalized optimal transport" between arbitrary probability measures on 
m Theorem 2.32]. 

E.3. Functionals. In the nonpointed part of the paper we dealt with a compact measured 
length space {X, d, u), with the background measure u lying in P2{X). When generalizing 
to the case when X is pointed and possibly noncompact, one's first inclination might be to 
again have u lie in P2{X). This is indeed the appropriate choice for some purposes, such 
as to extend the functional analytic results of Sections 13.31 and El However, requiring u 
to lie in P2{X) would rule out such basic cases as X = with the Lebesgue measure. 
Additionally, it would preclude the tangent cone construction for a compact space with 
A^-Ricci curvature bounded below. Because of this, in what follows we will allow u to have 
infinite mass, at the price of some additional complications 

Let be a nonnegative nonzero Radon measure on X. Let U he a continuous convex 
function on [0, oo) with U{0) = 0. One would like to define the functional Ui, as in 
Definition 13.21 but this requires some care. Even if we use ()3.3p to define U^{fi) for fi = pu 
and p G Cc{X), in general there is no way to extend 1/^ to a lower semicontinuous function 
on P2{X). A way to circumvent this difficulty is to impose a growth assumption on u. 

Definition E.15. For k > 0, we define M_fc(X) to be the space of nonnegative Radon 
measures u on X such that 

(E.16) / {l + d{^,xy)-^ du{x) < oo. 

Jx 

Equivalently, u is a nonnegative Radon measure on X that lies in the dual space of [1 + 
d{ic, 2 Cb{X). We further define M_oo(X) by the condition j^^- <^d.{^^*f du{x) < oo, 
where c is a fixed positive constant. 

Proposition E.17. Let X be an arbitrary metric space. Given N G [l,C)o], suppose that 
U G T>Cn and v G M^2(n-\){X). Then is a well-defined functional on P2{X\ with 
values m M U {oo}. 

Proof. Suppose first that N < oo. From the definition of VC^, there is a constant A > 
so that 

(E.18) X^U{X~^) > - AX - A, 

so 



(E.19) 



U{p) > - A (p + pi-^) 
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Of course, p lies in L^{X, v). To prove that f/jy(yu) is well-defined, it suffices to show that 
pi-i/Af g^jgQ jjgg L^(X, z/). For that we use Holder's inequality: 

(E.20) 

Jx 

< (1 + d{*, xf)pix) du{x)^ (^j (1 + rfz/(x)^ . 

Now suppose that N = oo. From Lemma [5.101 if U is nonlinear then there are constants 
a, 6 > so that 

(E.21) U{p) > ap logp - bp. 

Thus it is sufficient to show that (plogp)_ G L^{X, v). Applying Jensen's inequality with 
the probability measure ^-l*d{l gives 

(E.22) / p{x) log(p(x)) dv{x) = 
Jx 

p(x) e^''(*'")' log (p(x) e^'^^'^'")') e-^'^^*'")' rfz/(x) -c / d{^,xf p{x) diy{x) = 
X ^ ^ Jx 



e 

X 



Xp(.)e-'-'' .og(,(.)e--0 £:.ZJtl) 



c / d{-k, x)"^ p{x) diy{x) > 



X 



c / d{ic,xY p{x) dv{x). 
Jx 

This concludes the argument. □ 



E.4. Approximation arguments. Now we check that the technical results in Appen- 
dices iB] and O go through to the pointed locally compact case. 

There is an obvious way to generalize the conclusion of Theorem IB . 21 bv introducing the 
quantity 



(E.23) sup [ ifdp- U*{^)du. 

(/je(l+(i(*,-)2) L°°(X), ^<C/'(oo) \Jx Jx 

We claim that this quantity is not — oo as long as u lies in M_2(n-i){X). To prove this, 
it suffices to exhibit a such that j\pdp > — oo and J U*{ip) du < oo. It turns out that 
<p{x) = —cdl-kjx)"^ will do the job, taking into account the following lemma: 
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Lemma E.24. If U E 'DCn with N < oo then as p ^ —oo, 
(E.25) U*ip) = O ((-J9)i-^) . 

If U E VCoo then as p —>■ —oo, 

(E.26) U*{p) = 0{eP). 

Proof. Suppose first that U G VCn with < oo. Then for p sufficiently negative, using 
flE.19|) we have 



(E.27) < U*{p) = sup [pr - U{r)] < sup pr +2Ar^ = const, (-p) 

r>0 r>0 L -I 

The case = oo is similar. □ 



The analog of Theorem IB. 21 becomes 
(E.28) UM= sup (/ ^dfi- I U*{<^)du 



sup sup I / (fidjj,— U*{ip)dv 

MeZ+ <f'^{l+d(*,-)'2)Ct(X),<f<U'(M) \Jx Jx 



The proof is similar to the proof of Theorem IB.2[ with the following modifications. Given 
R > and M G Z+ large numbers, we construct 0^ on Bfi (t*:) as in the proof of Theorem 
IB. 21 We extend (pptM by setting it equal to — d{-k, on X — Then after 

passing to an appropriate subsequence of {4>r,m}j the analog of ()B.21|1 holds. As in the 
proof of Lusin's theorem, we can find a sequence {ipk} of uniformly bounded continuous 

functions that converges pointwise to ji^T^- Considering the function (1 + dl-k, ■)^) ip). 
for large k proves the theorem. 

Then Theorem IB.33r i) extends, where n lies in P2{X) and z/ is a measure on X that lies 
in the dual space of (1 + d{-k, Cb{X), which we endow with the weak-* topology. 

Theorem IB.33r ii) is a bit more subtle because we have to be careful about how the 
pushforward map f^, acts on the measures at spatial infinity. The discussion is easier when 
N < oo, so from now on we restrict to this case. Then the statement in Theorem IB.33r ii) 
goes through as soon as we impose that the map / is a pointed Borel map satisfying 

(E.29) A-^ dx{^x,x) - A < dvi^^YJix)) < Adx{^x,x) + A 

for some constant A> Q. This condition ensures that maps P2{X) to P2{Y)., and maps 
measures on X that lie in the dual space of (1 + d{-kx, Cb{X) to measures on Y 

that lie in the dual space of (1 + di-ky, Cb{Y). 

Finally, we wish to extend Theorem Id 121 to the pointed locally compact setting, replac- 
ing C{X) by Cc{X). Given 5 > 0, let {xj} be a maximal |-separated net in X. Then 
C = {Bs{xj)} is an open cover of X. It is locally finite, as X is locally compact. If {4>j} is 
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a subordinate partition of unity then we define the operator Kc as in Appendix O Given 
yU G P2{X, u), we claim that Kcfi € P2{X, v). To see this, we write 

(E.30) [ {l + d{i<,xf)dKcfi{x) = [{l + d{i<,xf) V 4>j{x) fy'^J^f dv{x) 

From the choice of {xj} and there is a constant C < oo so that 

E.31 r < 1 + d{^, x,f) 

for all J with dz/ > 0. There is another constant C" < oo so that 
(E.32) {l + d{^,x,f)<P,{y) < C'il+di^,yf)<Pjiy) 

for all j and all ?/ G X, from which the claim follows. 

Next, we claim that Uy^Kcjj) < Uy^jj). We use the fact that KcH is the product of a 
continuous function on X with v. As in flC.16|) - ()C.18|) . for each i? > we have 



v{x). 



(E.33) f U{Kcn{x)) dv{x) < [ U{Kcp) dv + U'{oo) [ KcHs{x) d. 

J Bui*) Jbr{*) Jbr{*) 

Taking R ^ oo and applying the arguments of the particular cases in the proof of Theorem 
IC.12I gives the claim. 

For R > and e > 0, let (p^^^ : X — > [0, 1] be a continuous function which is one on 
Bji{-k) and vanishes outside of Bn+^^-k). We can find sequences {Sk}, {Ck}, {Rk} and {ek} 
so that limfc^oo = in ^(X, u) and 

(E.34) hmsup f ^ l^^^^P f^-(^c,/i). 

From the previously-shown lower semi continuity of 1/^, we know that 
(E.35) UM < liminf U, ' '^^"'^^^'^^^ 



k—*oo 



We have already show that Uu{Kc^fi) < Uy{p). Hence Uy{p) = limfc_^oo Uu (^ j ^^'''"''^(i^c /j) ) • 
This proves the desired extension of Theorem IC.12I 

E.5. Stability of X-Ricci curvature bounds. We now define the notion of a complete 
pointed measured locally compact length space (X, -k, v) having nonnegative X-Ricci cur- 
vature as in Definition I5.12t provided that v G M_2(Ar_i)(X). Note that this notion is 
independent of the choice of basepoint. 

Most of the geometric inequalities discussed in Sections 13.31 El and IHl have evident ex- 
tensions to the pointed case. When discussing HWI, log Sobolev, Talagrand and Poincare 
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inequalities we assume that v G Pii/^)- If X is a smooth Riemannian manifold such 
that the reference measure v lies in M_i{n~\){/^) then there is an analog of Theorem 17.31 
expressing the condition of having nonnegative A^-Ricci curvature in terms of classical 
tensors. 

Remark E.36. For n > 2, if X = M" is endowed with the Lebesgue measure v then 
V G M_2(n_i)(M'^) and (X, v) will have nonnegative n-Ricci curvature. In case of X = M^, 
endowed with the Lebesgue measure v, it is not true that v G M_2(n-i)(K'^)- The borderline 
case n = 2 merits further study; see also Corollarv IE. 441 

The issue of showing that Ricci bounds are preserved by pointed measured Gromov- 
Hausdorff convergence is more involved than in the nonpointed case. The following defini- 
tion seems to be useful. 

Definition E.37. A sequence {(Xj, of pointed metric spaces converges to the pointed 

metric space (X, ^) in the proper pointed Gromov-Hausdorff topology if 

1. It converges in the pointed Gromov-Hausdorff topology, by means of pointed approxi- 
mations fi : Xj — i> X, 

2. There is a function R : (0, oo) — >■ (0, oo) with R{R) > R for all R, 

3. There are nondecreasing functions Gi : (0, oo) (0, oo), each increasing linearly at 
infinity, and 

4- There is a constant A > 

such that ^ 

1. For all R> 0, we have R < liminfj^oo G'j(i?(i?)), and 

2. For all Xi e Xi, 

(E.38) Gi{di{^i,Xi)) < d{^Ji{xi)) < Adi{^i,Xi) + A. 

Here are the main motivations for the definition. The condition that dl-k, fi{xi)) < 
Adi(jki,Xi) + A ensures that {fi)^: maps P2(Xj) to P2(X). Condition 3. and ()E.38|) ensure 
that (/j)* maps a measure on Xj lying in the dual space of (1 + di{-ki, ■)2)-(^-i) Ch{Xi) 
to a measure on X lying in the dual space of (1 + d{-k, ■)2)-(^-i) Cb{X). The condition 
Gi{di(*i,Xi)) < d^-k, fi{xi)) implies that fi is metrically proper; for example, it cannot 
map an unbounded sequence in Xj to a bounded sequence in X. The conditions R < 
liminfj^oo Gi(i?(i?)) and Gi{di{-ki,Xi)) < d{-k, fi{xi)) imply that for any i? > 0, we have 
f^'^{BR{-k)) c Bj^^j^-^{-ki) for sufficiently large i. It then follows that in fact, /•~^(i?R(*)) C 

Bn+^j^ X^i) fo^^ large i. 

Definition E.39. A sequence of pointed metric-measure spaces {(Xj, ^irj, i/j)}^-^ converges 
to (X, -k, v) in the proper pointed M ^.^-measured Gromov-Hausdorff topology limj_,oo (Xj , -ki) = 
(X, ★) in the proper pointed Gromov-Hausdorff topology, by means of pointed Borel approx- 
imations fi : Xi X as above, and in addition limj_>oo(/i)*^'i = v in the weak-* topology 
on the dual space of (1 + (i(^, -Y)^ 2 Cb{X). 

Now we can prove the stability of Ricci curvature bounds with respect to the proper 
pointed measured Gromov-Hausdorff topology. Again, for simplicity we restrict to the 
case of nonnegative X- Ricci curvature with N < 00. 
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Theorem E.40. Let {(Xj, ^j, z/j)}^]^ be a sequence of complete pointed measured locally 
compact length spaces with \imi^oo{^i,'^i, ^i) = (-^,^5 ^oo) in the proper pointed M_2(n-i)- 
measured Gromov-Hausdorff topology. If each (Xj,z/j) has nonnegative N-Ricci curvature 
then {X, z/qo) has nonnegative N-Ricci curvature. 

Proof. Given /io,/ii € P2{X,h'oo), we wish to show that there is a geodesic joining them 
along which ()3.16|) holds for f/^^, with A = 0. 

We first show that the claim is true if /iq = po ^oo and /ii = pi i^oo, with po and 
pi being compactly-supported continuous functions on X. We will follow the proof of 
Theorem 14. 151 This involved constructing a limiting geodesic using the Arzela-Ascoli 
theorem, which in turn used the compactness of P2{X). If X is noncompact then P2{X) is 
not locally compact. Nevertheless, we will show that the needed arguments can be carried 
out in a compact subset of P2{X). 

By assumption, there is some i? > so that po and pi have support in Bfjl-k). Put 
Pi,o = (/*Po) and pj^i = {f* pi) Vi- From the definition of proper pointed Gromov- 
Hausdorff convergence, for large i we know that /*po and /*pi have support in B{i^^^-{ici). 
Choose Wasserstein geodesies q as in the proof of Theorem 14. 151 If 7 is a geodesic joining 
two points of i^ij+e^ .(T*rj) then 7([0, 1]) C i?2_R+2ejii(*i), so Proposition lE. 61 implies that each 
Cj(t) has support in S2ij+2efl,, (^i)- Then (/i)*(ci(t)) has support in B2B+3eiiA*)- 

Hence for large i, each measure {fi)*{ci(t)) has support in -B2/?+i(*)- As the elements of 
P2{X) with support in i?2R+i(^) form a relatively compact subset of P2{X), we can now 
carry out the arguments of the proof of Theorem I4.151 

This proves the theorem when po;Pi ^ P2{^, ^00) have compactly-supported continuous 
densities. To handle the general case, we will use the arguments of Prop osit ion 13 . 2 11 Again, 
the main issue is to show that one can carry out the arguments in a compact subset of 

Let ro > be such that po(-Bro(*)) > and pi(-Bro(*)) > 0. For r > tq, put po,r = 

^o{Brt)) ^^'^ ^ f^iiBrt)) {f^s,o,r} and {p5,i,r} be mollifications of po,r and 

Pi^j., respectively, using a maximal 5-separated net as discussed in Section lE^ Then 

(E.41) 



d{-k,x) dfis^o^rix) = — , , / d{-k,x) dKc{lBr{*)Po){x) 

X-Br{*) Pol-Drl^JJ Jx-Bji{*) 

For small 5, we obtain 

(E.42) / d{^,xf diii^Q^r{x) < , / d{-k,xf dpQ{x). 

Jx-Br{*) AiOl-Drol^jj JX-Br/2{*) 
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Similarly, 

(E.43) / d{ic,xy dfis,i,r{x) < — / d{'k,xf dfii{x). 

Jx-Br(*) AiU-Drol^jj Jx-Bii/2{*) 

As the right-hand-sides of ()E.42|) and ()E.43|) can be made arbitrarily small by taking 
R sufficiently large, it follows that IJr>ro Ui^l{/^^-^o,^, Aij-i,i,r} is relatively compact in 
P2{X). With an appropriate choice of ij for j large, we have limj^oo /^j-i o j — f^o and 
lim,^oo /^j-i 1 1 = fJ'i- Using Proposition IE.91 the argument in the proof of Proposition 

i ' '■' 

13.211 can now be applied to show that there is a geodesic from /io to /ii along which ()3.16|) 
holds for t/^^, with A = 0. □ 

E.6. Tangent Cones. We now give an application of Theorem IE. 401 that just involves the 
pointed measured Gromov-Hausdorff topology that was introduced in Definition IE. 21 

Corollary E.44. Let {(Xj, ^irj, i/j)}^^^ be a sequence of complete pointed measured locally 
compact length spaces. Suppose that limj^oo(-^i5 ^'j) = (Xy-k,!/) in the pointed mea- 
sured Gromov-Hausdorff' topology of Definition \E.^ If N & (2, C)o) and each (Xj, i/j) has 
nonnegative N-Ricci curvature then (X, v) has nonnegative N-Ricci curvature. 

Proof of Corollary \E.44 If X is compact then the result follows from Theorem 15.191 so 
we will assume that X is noncompact. Let {fi}°^i be a sequence of approximations as 
in Definition IE. II Given Ri > 0, let fi : Xj — > X be an arbitrary Borel map such 
that = fi{xi) if di{'ki,Xi) < Ri and di^k, fi{xi)) = d{ici,Xi) if di{'ki,Xi) > Ri. 

(For example, if 7 : [0, 00) X is a normalized ray with 7(0) = then we can put 
fi{xi) = j^d^-ki, Xi)) when di{-ki, Xi) > Ri.) After passing to a subsequence of (which 
we relabel as and replacing fi by /« for an appropriate choice of Ri, we can assume 

that limi^ooiXij-kijUi) = (X, ^ir, z/) in the proffer pointed measured Gromov-Hausdorff 
topology, with R{R) = 3R and Gi{r) = |. 

As each (Xj, z/j) has nonnegative X-Ricci curvature, and limj_^oo(/j)*^j = z/ in Cc(X)*, 
the Bishop-Gromov inequality of Theorem 15.311 (as extended to the noncompact case) 
implies that there are constants C, ro > so that for all i, whenever r > tq we have 
Vi{By.{'ki)) < Cr^ . As X > 2, it follows from dominated convergence that \imi^oo{fi)*^i = 
V in the weak-* topology on the dual space of (1 + d{i<, C\,{X). The claim now 

follows from Theorem IE. 401 □ 

Example E.45. We apply Corollarv IE. 441 to tangent cones. Suppose that (X, d, z/) is a 
complete measured locally compact length space with nonnegative X-Ricci curvature for 
some X e (2, cxd). Suppose that supp(z/) = X. For z > 1, put (Xj,(ij) = (X, i-d). Given 
T*r G X, let -ki be the same point in Xj. Using Theorem l5.31l fas extended to the noncompact 
case), after passing to a subsequence we may assume that {{Xi^^i))'^^ converges in the 
pointed Gromov-Hausdorff topology to a tangent cone (T^X, o); see Corollarv 15.331 Let 
z/j be the pushforward from X to Xj, via the identity map, of the measure ^ \(*)) • 
After passing to a further subsequence, we can assume that {(Xj, ^irj, z/j)}^]^ converges in 
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the pointed measured Gromov-Hausdorff topology to a pointed measured length space 
[T^X, o, z/qo), where is a nonnegative Radon measure on T^X that is normalized so that 
^oo{Bi{o)) = 1; see [ini Section 1]. From Corollary IE.44[ (T^X, z/oo) has nonnegative 
X-Ricci curvature. 

Appendix F. Bibliographic notes on optimal transport 

The following notes are by no means exhaustive, but may provide some entry points to 
the literature. 

Wasserstein was one of many authors who discovered, rediscovered or studied optimal 
transportation metrics He was interested in the case when the cost coincides with 

the distance. Tanaka HHJ may have been the first to take advantage of geometric prop- 
erties of W2, in his study of the Boltzmann equation. Accordingly, other names could be 
used for W2, such as Monge-Kantorovich distance or Tanaka distance. The terminology 
"Wasserstein distance" was used by Otto and coworkers, and naturally gave rise to the 
term "Wasserstein space" . Otto studied this metric space from a geometric point of view 
and showed that P2(IR") can be equipped with a formal infinite-dimensional Riemannian 
metric, thereby allowing insightful computations [33]. He also showed that his Riemannian 
metric formally has nonnegative sectional curvature. Otto's motivation came from partial 
differential equations, and in particular from earlier work by Brenier in fluid mechanics 
|lUj . The formal gradient flow of a "free energy" functional on the Wasserstein space was 
considered by Jordan, Kinderlehrer and Otto |25j and Otto 

The notion of displacement convexity was introduced by McCann PT|, and later reflned 
to the notion of A- uniform displacement convexity. A formal differential calculus on P2{M), 
when M is a smooth Riemannian manifold, was described by Otto and Villani [3^] . It was 
"shown" that the entropy functional J^^ p log p dvoUf is displacement convex on a manifold 
with nonnegative Ricci curvature. Appendix \n\ of the present paper follows up on the 
calculations in [HH] . 

Simultaneously, a rigorous theory of optimal transport on manifolds was initiated by Mc- 
Cann |32] and further developed by Cordero-Erausquin, McCann and Schmuckenschlager 
[T^ . In particular, these authors prove the implication (1) ^ (4) of Theorem 17. 3f a) of the 
present paper when is constant and N = n. The paper ^H] was extended by von Renesse 
and Sturm whose paper contains a proof of the implications (1) <S=^ (5) of Theorem 
I7.3r b) of the present paper when is constant, and also indicates that the condition (5) 
may make sense for some metric-measure spaces. In a more recent contribution, which 
was done independently of the present paper, Cordero-Erausquin, McCann and Schmuck- 
enschlager j2n| prove the implication (1) =^ (5) of Theorem 17. 3f b) for general \E'. 

Connections between optimal transport and the theory of log Sobolev inequalities and 
Poincare inequalities were established by Otto and Villani fSH] and developed by many 
authors. This was the starting point for Section IHl of the present paper. More information 
can be found in [44|. 

A proof of a weak Bonnet-Myers theorem, based only on Riemannian growth control 
and concentration estimates, was given by Ledoux [211 as a special case of a more general 
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result about the control of the diameter of manifolds satisfying a log Sobolev inequality. 
The simplified proof used in the present paper, based on a Talagrand inequality, is taken 
from [HH] . 
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